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Fig. 1 Total S∗ factors of the 12C + 12C fusion. The 12C + 12C data
are from [2–7] shown as red rectangle, green dots, magenta diamonds,
blue triangles and brown stars, respectively. Model calculations, CC-
M3Y + Rep (thick dark red) [10], TDWP (light blue) [11], SPP (orange)
[12] and hindrance (blue dashed) [18] are also shown, respectively. The
recommended averaged S∗ factor by CF88 [9] is shown as red dashed
line. The THM [8] result and the fit are shown as black lines. The
solid grey line is the Coulomb renormalized THM S∗-factor [21]. The
uncertainty of THM S∗ factors is ±21% which is not shown in the
figure. This figure with direct, indirect data and model calculations are
taken from [22]

measurement [5]; the flat THM S∗ factor at E > 2.2 MeV
is dominantly contributed by the non-THM mechanisms; the
steep rise of the THM S∗ factor as energy decreases is the
result of using the plane-wave approach in which Coulomb
+ nuclear interactions are neglected.

2 Comparison of direct and indirect data

The resonant structures at very low energies have still been
identified as molecular 12C+12C configurations in the 24Mg
compound nucleus [5]. However, the reaction rate of this
reaction is calculated using an average cross section inte-
grated over the molecular resonance components.

Figure 1 displays the S∗-factors of the 12C +12C fusion
obtained from direct and indirect THM data alongside with
four theoretical estimations. The 12C +12 C has a compli-
cated resonance feature which continues all the way from
the Coulomb barrier energy down to the lowest measured
energies.These resonances have a characteristic width of
about 100 keV. Since there is no way to model the reso-
nances in the unmeasured energy range, the averaged mod-
ified S∗-factors are used for extrapolation while the reso-
nances are treated as fluctuations. In the literature devoted to
the 12C+12C fusion is used the modified astrophysical factor
S∗(E) = σ (E) E exp( 87.21√

E
+ 0.46 E) [6], where E is the

12C −12 C relative energy, σ (E) is the fusion cross-section.
The classical coupled-channel CC-M3Y + Rep calcu-

lations in [10] present the upper theoretical limit of the
12C +12 C S∗-factor. In [16,18,19] an upper limit for the
12C + 12C S∗-factors was proposed based on the correlation

between 12C + 13C and 12C + 12C. The Argonne results [7]
appear to be in a qualitative agreement with classical coupled-
channel CC-M3Y + Rep calculations in [10], TDWP calcula-
tions of [11], the barrier penetration model of [12] and more
recent theoretical investigations in [13]. The direct measure-
ment [5], which achieved the lowest achieved directly mea-
sured energy, reported a resonance at 2.14 MeV. This reso-
nance could be explained by a formation of the 12C + 12C
nuclear molecular configurations in 24Mg and the α-cluster
structure of 12C. This resonance is only 1.87σ higher than the
upper limit from [10]. Taking into account the uncertainty of
the experimental data at 2.14 Mev we cannot claim that this
resonance exceeds the theoretical upper limit. Moreover, the
very recent direct data by Notre Dame University [20] also
show a resonance near 2.14 MeV, which is lower than the
upper limit from [10].

Only the THM S∗-factor [8] at low energies exceeds the
theoretical upper limit from [10,19] by a few orders of mag-
nitude. However, this THM S∗-factor was extracted using
the plane-wave approximation (PWA). The Coulomb-nuclear
distortions decreases the low-energy THM S∗-factor by three
orders of magnitude bringing it in agreement with the theo-
retical upper limit [(see [21] and discussion in Sect. 3].

In Fig. 2 is shown a comparison of the direct data from
[5] and [7] with indirect THM data [8] in the energy inter-
val 2.1–2.7 MeV. The THM data show explicit resonance
structure in this interval absent in the direct data [5]. But a
more serious concern causes a flat oscillatory behavior of
the THM S∗ factor at this energy interval. This trend of the
THM data at higher energies E > 2.1 MeV does not agree
with the trend obtained from the THM mechanism with the
Coulomb-nuclear distortions [21] and can be a result of the
contribution of the non-THM mechanisms (see discussion in
Sect. 3).
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Fig. 2 Comparison of the direct data from [5] and [7] with the THM
data with the error bars [8] (solid black line) and its trend (dashed
dotted line) in the interval 2.1–2.7 MeV. The solid grey line is the
renormalized THM S∗-factor obtained by including Coulomb-nuclear
distortions [21]. Thick dark red line is CC-M3Y + Rep model calculation
[10]
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The 12C + 12C sub-barrier fusion cross section is calculated within the framework of a time-dependent Hartree-
Fock-based classical model using the Feynman path-integral method. The modified astrophysical S∗ factor is
compared to direct and indirect experimental results. A good agreement with the direct data is found. In the
lower-energy region where recent analyses of experimental data obtained with the Trojan horse method (THM)
lead to contrasting results, the model predicts a nonresonant S∗ factor half-way between those results. Low-
energy resonances revealed in the THM data are added to the calculation, and the relative reaction rate in the
Gamow region is calculated. In particular, including 0+ resonances result in some agreement with the THM data.
The role of different resonances is discussed in detail, and their influence on the reaction rate at temperatures
relevant to stellar evolution is investigated.
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Careful measurements of the fusion cross sections for
12C + 12C reactions are crucial to our understanding of mas-
sive stars and superbursts from accreting neutron stars [1–4].
These measurements are especially compelling at energies
close to or below the Gamow peak [4], i.e., below 2 MeV.
Direct and indirect data measurements [5–13] exhibit many
resonances, particularly, notable when the data are expressed
in terms of the modified astrophysical S∗ factor at center-of-
mass (c.m.) energy Ec.m. [9],

S∗(Ec.m.) = Ec.m.σ (Ec.m.) exp
(
87.12E−1/2

c.m. + 0.46Ec.m.

)

= S(Ec.m.) exp (0.46Ec.m.) (1)

Efforts to make direct measurements at energies below
2.1 MeV are severely impacted by the rapidly diminishing
reaction cross section at sub-barrier energies. To bypass the
experimental difficulties of low fusion cross sections at very
low energies, indirect methods have been developed [14,15].
Recently, the 12C(14N, 2H) 24Mg indirect Trojan horse method
(THM) was employed to explore the lower-energy 12C + 12C
cross section [11]. These data revealed a wealth of resonances
in S∗ at center-of-mass energies as low as 0.8 MeV. It was
concluded that the sub-barrier fusion cross section was much
greater than previously estimated [16]. A critical reanalysis of
that data, including Coulomb effects in the three-body final
channel and applying the distorted-wave Born approximation
instead of the plane-wave approximation, resulted in much
lower S∗ values by up to three orders of magnitude. These
contrasting results have yet to be resolved.

Several macroscopic and microscopic models [16–23] of-
fer a reasonable reproduction of the direct reaction data, and
they are sometime considered as determining an upper limit of
the fusion cross section [20,21]. Predictions of these models

at energies below 2.1 MeV cannot reproduce the low-energy
THM results of Ref. [11] and are way above the values ob-
tained in the Coulomb renormalization analysis of Ref. [12].

In Ref. [24], a microscopic model based on the Vlasov
equation and the Feynman path integration method (FPIM)
was proposed. It succeeded in reproducing the then avail-
able direct data for the 12C + 12C system rather well. The
approach is also quite successful when applied to heavier
nuclei [25] and spontaneous fission [26]. Before getting in-
volved into complex numerical calculations, which may or
may not be feasible at such low energies, it is instructive
to simplify the heavy-ion dynamics using a robust macro-
scopic model. In Refs. [27–29], a Neck model (NM), based
upon the time-dependent Hartree-Fock (TDHF) approach was
proposed and successfully reproduced fusion cross sections
above the barrier [27] as well as deep inelastic [28] and fission
[29] dynamics.

In the present Rapid Communication we extend the NM
to sub-barrier energies within the FPIM framework. Newton
force equations are solved assuming the collective variables
given by the center-of-mass distance R of the two colliding
nuclei and their relative momenta P. The forces acting on the
nuclei before the two nuclei touch are given by the Coulomb
and the nuclear Bass potentials [30]. After touching, the two
nuclei are described as sections of spheres joined by a cylinder
of radius rN, the neck radius. In the rebounding phase, the nu-
clear geometry is given by two half spheres joined by sections
of cones of radius rN. Volume conservation is enforced which
gives suitable relations between the neck radius and the rela-
tive distance of the two nuclei in good agreement with TDHF
calculations [27]. In such a configuration the force is given
by the surface tension times the perimeter of the neck as for a
liquid drop. During this stage nucleons are transferred through

2469-9985/2020/102(6)/061602(4) 061602-1 ©2020 American Physical Society
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Extended Data Fig. 2 | Pole diagram describing the quasi-free mechanism in the A(a,bB)s reaction. The upper vertex refers to the break-up of a and 
the lower vertex shows the A(x,b)B process. Colours help to highlight the role of individual particles in the mechanism.
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Abstract 

A microscopic approach based on the Feynman path integral technique is proposed for the description of the subbarrier 
fusion processes. Nucleus-nucleus heavy-ion collision below the Coulomb barrier are studied. The ro[e of preequilibrium 
mechanisms in fusion phenomena is discussed. 

During the last decade extensive theoretical and 
experimental efforts have been made to understand 
heavy-ion subbarrier fusion. Recent results have 
shown that these phenomena cannot be considered 
as isolated processes, but other competing reactions 
channels should be included as well. This increases 
the difficulty of coupled channel calculations of fu- 
sion cross sections in a dramatic way. Consequently 
a number of models based on macroscopic parame- 
terizations of heavy-ion collision processes have been 
proposed. Some progress in a microscopic description 
of fusion phenomena in the energy region near the 
Coulomb barrier has been obtained by using Wlgner 
formalism for nuclear dynamics [ 1]. A powerful 
physical framework to extend this approach in the 
subbarrier region is provided by the Feynman path 
integral techniques [2]. We discuss in this letter the 
practical realization of this concept. 

The Wigner phase-space distribution function 
(W.f.) f (r ,  p; t) is given as a shifted Fourier trans- 
form of the one-body density matrix p(r, r l ;  t) [ 1,3]: 
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f(r,p; t) = (27"rh) -3 

f dsexp( - i sp)p(r -  s/2, r + s/2; t) (1) × 

The Schr6dinger equation of motion for the one 
body density matrix: 

^ 

ih~--~ = [[I,/3] (2) 

with the Hamiltonian H = T + U [ p ] ,  where T is the 
kinetic energy and U[p] is the selfconsistent mean- 
field, in the Wigner representation can be written as a 
quantum Liouville equation: 

8f  = - L f  (3) 
at 

where the quantum Liouville operator L is: 

L=Lcl+Lq, Ld= p--~ --* --~ • V - ( v U )  Ve ; 
m 

Lq=--~-'~ (--1)n--- (h-'~ 2n 
.=, ( 2 n + 1 ) ! \ 2 J  U[P](~-VP)2"+I 

(4) 
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Solve the Vlasov equation in imaginary time. Define collective variables R&P
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We suppose here that the time dependent mean field is 
a local quantity. The direction of arrows over the gra- 
dients indicates on which quantities the operators act. 
The series starts with the classical term Lcl and pro- 
ceeds as an expansion in h 2 which decreases as power 

o f [ ~ r U - V p f [ - 2 ,  the product of inverse minimum 
characteristic widths of U [p] in coordinate space, and 
f ( r , p ;  t) in momentum. In most practical cases of a 
manybody problem (e.g. systems with high entropy) 
this parameter is large [4,5] and quantum terms can 
be considered as a perturbation about the classical mo- 
tion. Then the quantal effects can be included in a 
perturbative way by using the quantum test particles 
(QTP) method [6]. The applications of this method 
are restricted to the small quantum corrections in the 
classical meanfield dynamics, like nucleon tunneling 
phenomena, coherence effects etc. [7]. In order to 
consider the quantal effects for the subbarrier collec- 
tive nuclear phenomena (such as fusion below the 
Coulomb barrier, fission processes) we use the Feyn- 
man path integral method in the collective subspace 
[2]. Classically the most important collective degrees 
of freedom are the conjugate variables R and P de- 
scribing the relative motion of the two nuclei. We de- 
fine these quantities as: 

( R p } = / d r d p { p } f ( r , P  ; t )  
A 

-/drdp{rp}f(r,p;t) (5) 
B 

Here and everywhere below the labels A and B refer 
to the two colliding nuclei. The Hamilton equation of 
motion of nucleus A (B) are found by taking the time 
derivative of Eq. (5) and using Eqs. (3): 

d R = drdp L f ( r , p ;  t) (6) 
-~ P ACB) P 

A(B) 

Integration of Eq. (6) by parts over r gives: 

dRA(B)  _ PA(B)  ; dPA(B)_ = FA(B) (7) 
dt m dt 

The Eqs. (7) are purely classical with respect to the 
collective variables {R, P} and are suitable in order 
to describe the various phenomena in heavy ion colli- 
sions above the Coulomb barrier (see [ 8] and refer- 

ences therein). The Feynman paths in collective sub- 
space can be obtained now going to the imaginary time 
plane. The purely imaginary time (T = it) dynamics 
correspond to the classical motion with inverted force: 

dRiA(B) _ i PA(B) . dP~A(S) 
, - - -  FA(B) (8) dt m dt 

Then the subbarrier fusion cross section can be written 
as [2]: 

~rh2 ~ 
o-(E) = 2~ ~--~(2/+ 1) Tz(E) 

1=0 

(9) 

where the probability for subbarrier process is given 
by the following equations: 

~ ( E )  = ( l+exp(2S /h} )  -1 , S = f dg' ( lo)  
d 

Here S is the action corresponding to the the imaginary 
time evolution. Since many values of partial/-waves 
are important in the sum (9) we can represent that 
sum as an integral and calculate the total cross section 
according to [9]: 

E 

< R2 > f dE'To(E') (11) o-(E) ~ ~ a 
--OO 

with < R e >¢= f d r d p ( r  Rcm)ef(r,p; t2), where 
t2 is the second turning point (see below), and Rcm is 
the position of the center of mass. We have taken into 
account here that the/-dependence of the transmission 
probability at a given energy can be approximated by 
simply shifting the energy [9] : 

Tt(E) ,,~To(E l( l  ' r  1)h2 

where (/x < R 2 >~) characterizes an effective mo- 
ment of inertia, which is slowly varying function of 
energy [ 10]. 

Using the test-particles (TP) method [1,6,7] we 
can write the Wigner distribution function f ( r ,  p; t) 
a s :  

M 

1 ~ 8 ( r  - r i ( t ) )6 (p  - p i ( t ) )  f ( r , p ;  t) = 
~=1 

(12)  
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correspond to the classical motion with inverted force: 

dRiA(B) _ i PA(B) . dP~A(S) 
, - - -  FA(B) (8) dt m dt 

Then the subbarrier fusion cross section can be written 
as [2]: 

~rh2 ~ 
o-(E) = 2~ ~--~(2/+ 1) Tz(E) 

1=0 

(9) 

where the probability for subbarrier process is given 
by the following equations: 

~ ( E )  = ( l+exp(2S /h} )  -1 , S = f dg' ( lo)  
d 

Here S is the action corresponding to the the imaginary 
time evolution. Since many values of partial/-waves 
are important in the sum (9) we can represent that 
sum as an integral and calculate the total cross section 
according to [9]: 

E 

< R2 > f dE'To(E') (11) o-(E) ~ ~ a 
--OO 

with < R e >¢= f d r d p ( r  Rcm)ef(r,p; t2), where 
t2 is the second turning point (see below), and Rcm is 
the position of the center of mass. We have taken into 
account here that the/-dependence of the transmission 
probability at a given energy can be approximated by 
simply shifting the energy [9] : 

Tt(E) ,,~To(E l( l  ' r  1)h2 

where (/x < R 2 >~) characterizes an effective mo- 
ment of inertia, which is slowly varying function of 
energy [ 10]. 

Using the test-particles (TP) method [1,6,7] we 
can write the Wigner distribution function f ( r ,  p; t) 
a s :  

M 

1 ~ 8 ( r  - r i ( t ) )6 (p  - p i ( t ) )  f ( r , p ;  t) = 
~=1 

(12)  
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-~ P ACB) P 

A(B) 
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Fig. 1. The time evolution of constant density equal to one-half of nuclear matter density for head-on 12C -1-12 C collision at the energy 
Ec.m. = 3.5 MeV. 

with: 

6ri = (3tpi/m; t3pi = - & v r U ( r i ) ;  
i= 1 ...... M= NA (13) 

where A is a total mass number of the system, N is an 
integer large enough to ensure numerical convergency 
and associated with a number of TP per nucleon. We 
use a Skyrme meanfield U[p] of 225 MeV compress- 
ibility [ 1 ] in our calculations. 

The semiclassical imaginary time evolution in col- 
lective subspace {RA(B), PA(B)} is simulated within 
this framework replacing the equations of motion (13) 
by: 

8pi  A(B) = ( ~ t ( V r U ( r i )  2~A,B~) ( 1 4 )  

where 

1 A(~)/ 
~a,m -- AA(B)N ~i ~ - V r U ( r i ) )  

is the normalized composition of the forces acting on 
a TP, which belongs to nucleus A(B) with the mass 
number A A ( B ) , respectively. 

Therefore, the proposed method is completely mi- 
croscopic and it does not require the cranking approx- 

imation, which is usually assumed in the Time Depen- 
dent Hartree Fock (TDHF) calculations ( see [ 2,11 ] ). 
At the same time, the damping of collective modes 
associated with coupling of collective and internal de- 
grees of freedom is included within TP framework in 
a natural way (see [1] and references therein). 

We consider here a subbarrier 12C +a2 C collision. 
Fig. 1 shows the time evolution of the half density 
surface at the beam energy E = 3.5 MeV and zero 
impact parameter. The corresponding phase-space di- 
agram for the collective variables {R, P} is presented 
in Fig. 2. The time interval 150-680 fm/c is related 
to the imaginary time evolution between two turning 
points (see Fig. 2). At the beginning of the collision 
the momentum of the relative motion of two nuclei 
is slowed down because of Coulomb repulsion. We 
switch on the imaginary time propagation in collec- 
tive subspace (see Eq. (14))  at the closed classical 
turning point (R ,,~ 15 fm), where the nuclei stop 
(Point 1 in Fig. 2). The Coulomb force is attractive 
after this time step and the nuclei are strongly accel- 
erated towards each other until they touch. We note 
the nucleons transfer just when the nuclei are about to 
touch (t  ~ 600 fm/c in Fig. 1 ). The transfer is mostly 
of protons. It is this flow of nucleons that results in a 
damping of collective degrees of freedom and a heat- 
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Fig. 2. The phase-space diagram for the collective variables { R, P} 
(see text) corresponding to the reaction conditions of Fig. 1. 
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Fig. 3. The fusion excitation function of the system 12 C + 12 C. The 
full line represents the fit of experimental data (see, for example, 
[ 12] ), and dashed line is the results of our calculations. 

ing of the fused system. At (R ~ 6 fro) the nuclei 
stop again. At this stage we switch from the imaginary 
time evolution to the real one (Point 2 in Fig. 2). Thus 
the final reaction step that leads to fusion corresponds 
to the real time evolution. 

The total fusion cross section versus beam energy 
is given in Fig. 3. It is important to stress here, that 
no free parameters (e.g. collective mass, friction co- 
efficient etc.) have been used in our calculations. One 
sees, that the proposed method works rather well for 
relatively light nuclei and it is suitable in order to de- 
scribe the resonance structure of fusion cross section. 
We note, however, that the description of heavier sys- 
tems requires to extend this one dimensional approx- 
imation. Furthermore, in the superheavy region we 
should take into account quantum corrections [6,7] 
as well. 

We have presented a general method for the mi- 
croscopic description of subbarrier process within the 
Feynman path integral method. Our calculations have 
shown that the friction of collective modes related to 
the preequilibrium nucleon flux in the neck region 
plays a dominant role in fusion reactions. This feature 
strongly supports the neck model, which has been in- 
troduced in Ref. [ 8] for the description of these phe- 
nomena. We note finally, that our method does not re- 
quire the mean field approximation, which is usually 
accepted in TDHF calculations, and it can be directly 
applied for the molecular or quantum molecular dy- 
namic simulations. 
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Force equations describing heavy ion collisions are derived from the continuum limit of time-dependent mean field 
theory. The equations mimic the actual behavior of finite nucleus TDHF quite well, and might serve as a starting point for 
a more complete theory. 

In this note we investigate a single model for low 
energy heavy ion collisions [ 1 ], based on the dyna- 
mics of time-dependent mean field theory (TDHF). 
The theory is reduced to the newtonian mechanics of  
two nuclear centers interacting via classical forces. In 
view of the many force models that have been put 
forth already [2-4]  ,it is natural to ask what the point 
is of yet another such model. Our objective is to un- 
derstand the fundamental dynamics of  the reactions, 
and this requires a model that is consistent with our 
present theoretical framework. At present, the TDHF 
is the best justified theory at a fundamental level, al- 
though it is obviously incomplete in several respects 
and needs to be extended. Because of the computa- 
tional difficulties of the theory, extensions are un- 
manageable unless a simple modelling is found for 
TDHF itself. Our efforts are directed to that end. 

The most important dynamic variable in a simpli- 
fied description is the separation coordinate between 
the colliding nuclei, r. We begin with a precise defini- 
tion of that quantity. Consider a plane between the 
two nuclei chosen so that the expectation of  nucleon 
number on each side remains fixed. Calling the two 
sies A and B, the separation coordinate may be de- 
fined as the integral over the single-particle density, 

r = f p ( r ' ) r ' d 3 r  ' - f p ( r ' ) r ' d 3 r  ' . (1) 
A B 

In a like manner the momentum of one of the nuclei 
may be de?reed 

0.370-2693/84/$ 03.00 © Elsevier Science Publishers B.V. 
(North-Holland Physics Publishing Division) 

f -'~ "+t . t PA = d3r((V - V ) / 2 0 p ( 1 ) ( r ,  r )[r=r '  • 
A 

(2) 

The dynamic equation is found by taking the time de- 
rivative of eq. (2), using the hamiltonian to evaluate 
the derivative of the wave function. In TDHF the 
hamiltonian is a single-particle operator and the dyna- 
mic equation becomes 

d P A  _ 1 f v¢((7 - * v ) / 2 i ) H ¢ i  
d t  i i 

A 

-- (H¢*) ((~ - ~)/2i)¢i] d3r .  (3) 

Here @i are the single-particle wave functions and H 
is the TDHF hamiltonian. The terms in eq. (3) involv- 
ing the kinetic energy operator are simplified in the 
usual way using integration by parts, leaving a surface 
integral. We assume that the mean field potential de- 
pends only on the single-particle density, permitting 
an arbitrary functional dependence on that density. 
The contribution of the short range part of the poten- 
tial field can then also be expressed as a surface inte- 
gral on the dividing plane. The resulting equation for 
the acceleration has the form 

dP A r 
= J d2r[~i'II+ h(p ~ U / ~ p  - U)] dt s 

, fd3r fd3r' p P ( r ) p p ( r ' ) e 2  (r  - -  r ' ) .  
A B I r -  r'l 3 

(4) 

9 
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calculations by Weiss [13] in which r is evaluated as a 
function o f  time. In fig. 2 we plot dr/dt as a function 
o f t ,  for a collision under conditions giving fusion. 
The figure shows the nuclei slowing down as they ap- 
proach. At r = 10 fm the nuclear attraction is felt and 
the rate o f  slowing down diminishes. However, at r = 
6.5 fm there is a sudden reversal o f  velocity, as if the 
nucleus had hit a hard wall and bounced elastically. 
The strong repulsive force at that point is due to the 
particle exchange. Our model reproduces that behavior 
with a memory time constant ct = 1.8 as shown by the 
dashed line. Under the assumption of  extreme dissi- 
pation, a ~ 0, and the repulsion does not last long 
enough to keep the nuclei from approaching to essen- 
tially form a spherical compound nucleus. That is 
shown as the dashed-dotted line in the figure. 

We next examine the boundaries of  the fusion re- 
gime for light nuclei. The TDHF fusion regime for 
28 Si + 28 Si collisions [ 14] is shown in fig. 3, compared 
with our model. The low energy edge is determined 
by the potential field dynamics. An energy sufficient 
to surmount the potential barrier will cause the nuclei 
to touch, and they will remain fused due to the sur- 
face tension of  the neck. At high impact parameter 
and energy the nuclei may scission after touching. 
The boundary line is determined essentially by the 
balance o f  centrifugal and surface forces, and may be 
described by a critical angular momentum. Finally, 

7 28Si + 28Si 

¢Y 

i: / / F U S I O N  / / 

I /  / 
II , i I , 

0 50 I00 150 
Ec.m. ( MeV ) 

Fig.  3.  Behavior  o f  28Si + 2SSi co l l i s ions  as a f u n c t i o n  o f  im-  
pact  parameter and initial cm energy. The outer boundary 
shows the fusion region of the force model. The TDHF fusion 
prediction [14] is shown enclosed in the dashed line. 
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Fig. 4. The experimental fusion cross section for 2°Ne + 2°Ne 
collisions compared with the force model. The decrease in 
the predicted cross section at the highest energy is due to the 
opening of the fusion window. 

there is a fusion window predicted in TDHF, which 
arises in our model because o f  the hard bounce beha- 
vior and the possibility o f  neck breakage at high re- 
bound velocities. Other force models do not have this 
characteristic feature o f  TDHF. The comparison o f  
TDHF with our model in fig. 3 shows that all the qua- 
litative features o f  TDHF can be described with force 
dynamics. 

However, actual nuclear collisions probably do not 
exhibit fusion windows. In fig. 4 we show the measur- 
ed fusion cross section [15] for 20Ne + 20Ne com- 
pared with the force model. The experimental cross 
section is rather constant, even at energies where the 
fusion window should be evident. Evidently, TDHF is 
inadequate at the higher energies. Nucleon-nucleon 
collisions will become important and may affect the 
force dynamics in several ways. For example, the 
memory time will be shorter if the system is therma- 
lized by n - n  collisions. This will reduce the magnitude 
o f  the bounce, leading to more sticking behavior. 
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Abstract: A simple classical force model, based on mean-field dynamics, is applied to fusion phenomena 
and other processes in heavy-ion collisions. We find reasonable agreement with trends in the fusion 
cross section going to heavy nuclei. including the barrier to fusion at high Z’/A. Collision times are 
calculated for a variety of reactions; recent evidence for non-equilibration of energy suggests that 
the equilibration time for energy is smaller than 300 fm/c and larger than 50 fm/c. 

1. Introduction 

Heavy-ion collisions are a powerful tool to study the structure of nuclei. Many 
phenomena are found in heavy-ion reactions depending on the many variables at the 
disposal of the experimenter. In the present work, we deal with low-energy collisions, 
i.e. Elab < 15 MeV. In this energy regime, we can classify the reaction cross sections 
into three main types: quasi-elastic scattering, deep inelastic and fusion reactions. 

Fusion occurs when the energy of the colliding nuclei is above the Coulomb 
barrier and for small impact parameters (neglecting sub-barrier fusion). This is not 
true for heavy systems. In that case, the Coulomb repulsion is too strong and an 
extra energy above the barrier is needed in order to keep the system in a coalesced 
state. 

The second major category of reactions, the strongly damped collision, is char- 
acterized by a large amount of energy loss, but with the projectile and the target still 
maintaining something of their identity in the final state. Much information on the 
behavior of the nucleus can be obtained from this type of reaction. By analyzing 
typical examples of deep-inelastic reactions, we calculate the time the system takes to 
reach thermal equilibrium. 

Quasielastic collisions occur in reactions in which the surfaces of the two ions have 
just been in grazing contact. Thus there is a small energy loss and a few nucleons are 
transferred from one nucleus to the other. This type of reaction is dominant at large 
impact parameters. 

In this paper we present a model that is suitable for describing collisions in which 
the nuclei come into close contact, and we only discuss fusion and deep-inelastic 
processes. 
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parameter,  and we start the calculations from the 
point where the neck radius is completely open. The 
proton number of  the heavier fragment Z H is calcu- 
lated using the relation Zll  = (ZT/A T)A H [7], where 
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Fig. 1. Final kinetic energy versus the mass number of the 
heavier fragment for the fissioning nuclei 2s 2Cf (a) and 
2SaFm (b). The experimental data (solid lines) are taken 
from ref. [8]. The theoretical values are represented by the 
dots. 

Z T and A T refer to the total  charge and mass number 
of  the fissioning nucleus. 

In figs. l a ,  lb  we compare the results of  this neck 
model with experimental data for the cases of  asym- 
metric fission of  the nuclei 252Cfand 258 Fm [8]. 
The experimental values are given by  the solid lines 
while the dots are the calculated values. The com- 
parison shows an overall good agreement. Large dis- 
crepancies are found when the mass and atomic num- 
ber of  the heavier fragment are close to the value 
A H = 132 and Z H = 50. 

These discrepancies are of  quantum origin, since 
for nuclei with N and Z close to magic numbers, shell 
effects are very important  [9]. Such effects are not 
included in our calculation. 

Note, that in the case of  252Cf ' our model under- 
estimates the experimental  results by  about 5 MeV, 
while in the case of  258Fm the calculated value is 
about 20 MeV smaller than the experimental  one. To 
explain this discrepancy, one should observe that in 
the case of  fission of  25 2Cf only the heavier fragment 
has neutron and proton magic numbers. While in the 
case of  258 Fm the large discrepancy between theory 
and experiment is observed at the symmetric fission 
where both fragments have neutron and proton num- 
bers close to the magic values. 

In order to understand the role of  the dissipative 
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Fig. 2. Wilczynski plot for the system S6Kr + 166Er (ref. 
[11 ]). The dotted curve follows the ridge of the experimental 
cross-section contours, and the crosses indicate the TDHF- 
calculated points. The solid line represents the results ob- 
tained with the neck model described in this letter. 
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force in the dynamics of fission, we repeated the 
above calculations for the case of 252Cf without in- 
cluding the friction force given by the Window 
formula. In this case we find that for symmetric fis- 
sion the translational kinetic energy is about 20 MeV 
larger than given in fig. 1 a (see also fig. 1 of ref. [1 ]), 
while in the case of very asymmetric fission the values 
calculated with and without friction differ by only a 
few MeV. This is easy to understand since for very 
asymmetric splitting the product of the charges of 
the two fragments Zl tZ  L is smaller than the value 
calculated for the symmetric case. Also in the very 
asymmetric case the Coulomb repulsion is almost 
cotmterbalanced by the surface force; therefore the 
two fragments move very slowly and the friction 
force is small. The friction force is thus essential for 
the correct description of the dynamics, especially 
near the symmetric case. 

Note also that similar results for symmetric fis- 
sion have been found by other authors using a 
macroscopic model based on one-body dissipation 
[10] (Wall +Window formula). However, in all 
macroscopic models a crucial point is to choose a 
parametrization of the shape of the system. Such a 
parametrization could be chosen freely to reproduce 
experimental results. We avoid this problem by 
making a geometric assumption which reproduces 
the evolution of the neck as calculated in TDHF [2]. 

The second part of this paper regards the applica- 
tion of eq. (1) to the case of deep-inelastic collisions. 
In fig. 2, the results obtained in the case of 86Kr + 
166 Er at 6 MeV/nucleon are shown. Here, the final 
kinetic energy is plotted versus the angle in the CM 
system. The results obtained from the neck model 
described in this letter have been added to the figure 
taken from ref. [11], and are represented by the solid 
line, while the dotted line follows the ridge of the ex- 
perimental cross-section contours, and the dots repre- 
sent the TDHF calculated points. In this case, our 
model is in surprisingly better agreement with the 
experimental results than TDHF. 

What we predict is that for initial angular momenta 
less then about 200fi, the neck at the turning point 
is almost completely open. Therefore, due to our 
geometric parametrization of the shape of the system, 
scission occurs always at the same relative distance. 
Since the final kinetic energy is mostly given by the 
Coulomb acceleration, as we saw above, it is easy to 
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Fig. 3. Wilczynski plot for the system 86Kr + 139La" The 
experimental curves are taken from ref. [13]. 

understand why the experimental values for the 
final kinetic energy are essentially constant for 
TKE < 200 MeV. 

In fig. 3, we compare the results of the neck model 
with experimental data for the system 86Kr + 1 39La 
[12]. The experimental ridge is in general well repro- 
duced, even though there are some discrepancies at 
energies around 200 MeV. The smallest values of the 
final kinetic energy, corresponding to the case of 
quasi-central collisions, are in good agreement with 
the separation energy given by Viola formulae multi- 
plied by a mass asymmetry factor [12]. This supports 
our ansatz about the equivalence of the dynamics of 
fission and the rebounding phase of deep-inelastic 
collisions. 

In conclusion, we have shown that many features 
of the dynamics of heavy-ion collisions and fission 
are reproduced well by using a neck model based on 
TDHF. In the case of fission, there is a large discrep- 
ancy between experimental and calculated values. 
when shell effects are important. In progress are 
studies of whether such effects are important in the 
case of deep-inelastic reactions for systems like 
132Sn + 132Sn at energies near the Coulomb barrier. 

We thank J J .  Molitoris for a careful reading of the 
manuscript. One of us (A.B.) acknowledges the 
"lstituto Nazionale di Fisica Nucleare" for financial 
support. 
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The 12C + 12C sub-barrier fusion cross section is calculated within the framework of a time-dependent Hartree-
Fock-based classical model using the Feynman path-integral method. The modified astrophysical S∗ factor is
compared to direct and indirect experimental results. A good agreement with the direct data is found. In the
lower-energy region where recent analyses of experimental data obtained with the Trojan horse method (THM)
lead to contrasting results, the model predicts a nonresonant S∗ factor half-way between those results. Low-
energy resonances revealed in the THM data are added to the calculation, and the relative reaction rate in the
Gamow region is calculated. In particular, including 0+ resonances result in some agreement with the THM data.
The role of different resonances is discussed in detail, and their influence on the reaction rate at temperatures
relevant to stellar evolution is investigated.

DOI: 10.1103/PhysRevC.102.061602

Careful measurements of the fusion cross sections for
12C + 12C reactions are crucial to our understanding of mas-
sive stars and superbursts from accreting neutron stars [1–4].
These measurements are especially compelling at energies
close to or below the Gamow peak [4], i.e., below 2 MeV.
Direct and indirect data measurements [5–13] exhibit many
resonances, particularly, notable when the data are expressed
in terms of the modified astrophysical S∗ factor at center-of-
mass (c.m.) energy Ec.m. [9],

S∗(Ec.m.) = Ec.m.σ (Ec.m.) exp
(
87.12E−1/2

c.m. + 0.46Ec.m.

)

= S(Ec.m.) exp (0.46Ec.m.) (1)

Efforts to make direct measurements at energies below
2.1 MeV are severely impacted by the rapidly diminishing
reaction cross section at sub-barrier energies. To bypass the
experimental difficulties of low fusion cross sections at very
low energies, indirect methods have been developed [14,15].
Recently, the 12C(14N, 2H) 24Mg indirect Trojan horse method
(THM) was employed to explore the lower-energy 12C + 12C
cross section [11]. These data revealed a wealth of resonances
in S∗ at center-of-mass energies as low as 0.8 MeV. It was
concluded that the sub-barrier fusion cross section was much
greater than previously estimated [16]. A critical reanalysis of
that data, including Coulomb effects in the three-body final
channel and applying the distorted-wave Born approximation
instead of the plane-wave approximation, resulted in much
lower S∗ values by up to three orders of magnitude. These
contrasting results have yet to be resolved.

Several macroscopic and microscopic models [16–23] of-
fer a reasonable reproduction of the direct reaction data, and
they are sometime considered as determining an upper limit of
the fusion cross section [20,21]. Predictions of these models

at energies below 2.1 MeV cannot reproduce the low-energy
THM results of Ref. [11] and are way above the values ob-
tained in the Coulomb renormalization analysis of Ref. [12].

In Ref. [24], a microscopic model based on the Vlasov
equation and the Feynman path integration method (FPIM)
was proposed. It succeeded in reproducing the then avail-
able direct data for the 12C + 12C system rather well. The
approach is also quite successful when applied to heavier
nuclei [25] and spontaneous fission [26]. Before getting in-
volved into complex numerical calculations, which may or
may not be feasible at such low energies, it is instructive
to simplify the heavy-ion dynamics using a robust macro-
scopic model. In Refs. [27–29], a Neck model (NM), based
upon the time-dependent Hartree-Fock (TDHF) approach was
proposed and successfully reproduced fusion cross sections
above the barrier [27] as well as deep inelastic [28] and fission
[29] dynamics.

In the present Rapid Communication we extend the NM
to sub-barrier energies within the FPIM framework. Newton
force equations are solved assuming the collective variables
given by the center-of-mass distance R of the two colliding
nuclei and their relative momenta P. The forces acting on the
nuclei before the two nuclei touch are given by the Coulomb
and the nuclear Bass potentials [30]. After touching, the two
nuclei are described as sections of spheres joined by a cylinder
of radius rN, the neck radius. In the rebounding phase, the nu-
clear geometry is given by two half spheres joined by sections
of cones of radius rN. Volume conservation is enforced which
gives suitable relations between the neck radius and the rela-
tive distance of the two nuclei in good agreement with TDHF
calculations [27]. In such a configuration the force is given
by the surface tension times the perimeter of the neck as for a
liquid drop. During this stage nucleons are transferred through

2469-9985/2020/102(6)/061602(4) 061602-1 ©2020 American Physical Society

Tl =1/(1 + exp{2A}),The probability of fusion for the l th-partial wave is given by
To take into account resonances modify the 

Bass potential as:

Analytical formula



Last but not least, S and S*- what if we use the action A instead?

Gamow limit

l=0



Conclusions
The Neck model and the Vlasov approach in 

imaginary time give S*>e16MeVb for Ecm>0.5 MeV 
(agrees with analytical formula as well)

Adding resonances is in some agreement with 
the THM  

l=0 channel is dominant up to Ecm=3MeV

if the properties of the resonances (spin, width 
etc..) are confirmed then:
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