PHYS 606 — Spring 2017 — Homework VIIl — Solution

Problem [1]

Preparations

= Define useful quantities in terms of energy e and potential energy v

ni- e=x/k-k/x;
ep=kp/k+k/kp;
k=8qrt[2+m« (v-e)] /hb;
k=8qgrt[2*m=xe] /hb;
kp = Sgrt[2+mx (e-Vv)] /hb; (% for barrier, v - -v for well x)
B2 =aNnh2/hbA2x2xmx*xV;
(» for well only x)

= Replacement list with numerical values uses here: hbar (eV s), electron mass (eV s"2/m"2),
potential energy level (eV), potential barrier/well width (m)

_ rep = {hb-4.13 x10A (=15) / (2 %),
m-N[511%10A3/ (3%10A8)A2], v-1, a-0.1%10A(-8) /2}

ul[7}- {hb—>6.5731><10 ¥ m->5.67778x107'%, v>1, a-5.x10 10}

Discuss Bound States in the Well

= This is 8 squared with the given numbers
g~ B2num = B2 /. rep
ugl= 6.57065
= This is the number of bound states in the well: look how often § fits into multiples of 7/2
Nbound = Quotient[Sqrt([B2 /. rep], m/2] +1
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= For a graphical solution one would proceed like this. Two
bound states (intersection points) are confirmed.



nzel= £ = Plecewise[

Plot[{f, B2num- x}, {x, 0, (2%xmw/ 2) A2}, PlotRange - {0, 10},

Outj20]=

{{x*Tan[Sgrt[x]] A2, Tan[Sgrt[x]] > 0}, {x *Cot[Sgrt[x]] "2, Tan[Sgrt[x]] <0}}]1:

Solve::ratnz :

Frame -+ True, FrameLabel + {"x", "kp=*a"}]
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= Numerical Solutions
nzel= so0ll =
NSolve[x * Tan[S8qgrt(x]]1 "2 == B2num- x &&0 = x = f2num && Tan[Sqgrt[x]] > 0, x, Reals]
Solve was unable to solve the system with inexact coefficients. The answer was obtained by solving a

corresponding exact system and numericizing the result. =
outiesl= { {x¥ = 1.252231}}
NSolve[x * Cot[8grt[x]1]1A2 == B2num- x && 0 < x < B2num && Tan[Sqgrt[x]] < 0, x, Reals]

sol2 =
Solve was unable to solve the system with inexact coefficients. The answer was obtained by solving a

n[37]=

Solve::ratnz :
corresponding exact system and numericizing the result. =

ouar {{x - 4.61399}}
= Check both solutions for y: Fesults are good enough

nzzl= 8ol = Join[soll, s0l12];
(E-pB2num+ x) /. sol
Oussk {-8.88178x 1071F, 6.66134x 10 '€}

= 2 bound state energies (in eV):
n#oj= elist = Sort[(-hbA2/ (Z2+m+*an2) % (Bf2num- x) /. sol) /. rep]

Outfaol {-0.80942, -0.297788}
= Corresponding wave vectors needed for the wave functions (need v -= v for well!)

na1= kplist = ((kp/. (V> -Vv)) /. e elist) /. rep

Outfatk {2.23805 x«10%, 4.29604 x 109]



= Wave functions are alternatingly even and odd (Cos and Sin); normalization is arbitrary and offset
depicts the energy of the state (first states only)

njas]- wilist = {Cos [kplist[[1]] *x/10A9] «0.04 + elist[[1]].,

Sin[kplist[[2]] »x/ 10A9] «0.04 + elist[[2]]};

Plot[wflist, {x, -10A9 %xa /. rep, 10A9 +a /. rep}, Frame - True,
PlotRange -+ {-1.0, 0}, FrameLabel -+ {"x (nm)", "Jy+E"}]
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Transmission Coefficients and Phase Shifts

= Transmission coefficient and phase shift for scattering solution (barrier) for subthreshold energy

nisol= €1
sl
niszl= £2
s2

nj54]:=

Cut[54]=

=1/ (Cosh[2*x+xa]lNh2+eMr2/4+Sinh[2+xx*xa]nh2);
=2xk+a-ArcTan[Cosh[2+x=*a], -€/ 2+ 8inh[2+x=*a]];

= Transmission coefficient and phase shift for scattering solution (barrier and well) for above threshold
energy

=1/ (Cos[2«xkpra]lnh2+eph2/4+S8in[2+kp*xa]ln2);
=2xk+a-ArcTan[Cos[2+kp=xa], ep/2+8in[2+kp=*al]l;

= T for the potential well for E=0. Femember that there are also 2 bound states for E<0. There are
several sharp resonances followed by severl more that are less very well defined, then the
transmission coefficient is almost flat.

Plot[(t2 /. {v> -Vv}) /. rep, {e, 0, 20},

PlotRange -» {0, 1}, Frame - True, FrameLabel - {"E (eV)", "T"}]
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= Phase shift for the potential well for E=0. 520 is the phase shift at zero energy. Because of the
periodicity of the phase shift there are several ways of plotting this quantity. Here the Mod function
folds the function back into the interval (s20,s20+2r)

nssl= 820 = Re[Limit([(s2 /. {v-> -Vv}) /. rep, e 0]];

nsel= Plot [Mod[((s2 /. {Vv—>-V}) /. rep) - 820, 2 *m] +s20,
{e, 0, 20}, Frame » True, FrameLabel -+ {"E (eV)", "¢"}]
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= T for the potential barrier. There are again several well defined resonances (sharp peaks) above the
barrier threshold and maybe two more that are identifyable but not very well defined anymore. Below
the threshold of 5 eV the transmission dies off very quickly.
ns= Plot[tl /. rep, {e, 0, 20}, Frame - True,
FrameLabel - {"E (eV)", "T"}, PlotRange =+ {0, 1}]
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= Phase shift for the potential barrier. Because of the periodicity of the phase shift there are several
ways of plotting this quantity. Here the Mod function folds the function back into the interval (0,2x)
neoj= 810 = Re[Limit[sl /. rep, e - 0]];
nesl= Plot [Mod[ (sl /. rep), 2 «x], {e, 0, 5}, Frame - True, FrameLabel » {"E (eV)", "¢"}]
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Problem [2]
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