Chapter 2

Lagrange Mechanics

We start this chapter with a very brief study of variational methods that are needed to appreciate
Lagrangian methods.

2.1 Variational Calculus

[0 We consider the following problem: Let y :— R, 2 — y(z) with I = [z1,25] C R be a
differentiable function. For each functional ® : C'(I) — R and real numbers y;, yo we ask which
such function fulfills the following two conditions.!

(i) y(x1) = 11, y(xa) = yo (fixed values at the boundaries)

(ii) The given functional ® has an extremum for y(z).

[0 Here we are interested in functionals of a very specific form, integrals over functions that
depend on y, the first derivative y' = dy/dx and z. More specifically, let

By = / Y def (o), o/ (), 2) (2.1)

Z1
where f: R x R x I — R is a differentiable function in three variables.
[0 We want to convert the variational problem into the more familiar problem of solving a
differential equation. For that parameterize the potential solutions. Let y(z) be the true solution
and y(z,a) = y(x) + an(x) a set of other functions conntected smoothly with the solutions. For
the test function 7 let n(x;) = 0 = n(z2) such that y(x, o) satisfies condition (i) for all a.

For (ii) to be fulfilled it is a necessary condition that the variation of ® with respect to «
vanishes. It is furthermore a satisfactory condition for (ii) if such variations vanish for all possible
choices of test functions n(z).

[0 The variation if « is changed by a small amount d« is

_ d®[y(z, o)] _/m2 ofdy  of dy'
0o = o da = 5 dx 3y da+8y’ Io da. (2.2)

We note that dy'/da = d/dx(dy/da) since « is independent of x and we can apply partial inte-
gration to the second term

2 0f d dy of dyl™ /9”2 dy d Of
Gty _ 2L waol 9.
/gﬂ1 dx@y’ dx do {&y’ da],, o dxdoz dz 0y’ (23)

LCL(I) denotes the space of differentiable real functions on I.
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Note that the variation dy/da vanishes at the boundaries thus the boundary term vanishes and

we arrive at N o 20\ d
_ [ (9F  dOf\dy
0P = /xl dx (8y - 8y’) daéa (2.4)

We can interpret the term in parentheses as the variation of f with respect to y, §f/dy, and we
can identify infinitesimal variations of the curve y(z) with dy = (dy/da) da where we let the test
function n run to explore all possible variations.

[0 Obviously we define an extremum as the condition that 0® = 0 for all possible variations dy.
We conclude that

gzo(:)____:() (2.5)

0P =0for all
or all 0y <= 5y gy~ dz oy

The equation of the right hand side is called the Fuler-Lagrange Equation for ®. In particular we
have now rephrased the variational problem as the solution to a differential equation: y(x) is an
extremum of the functional ® if and only if it satisfies the Euler-Lagrange equation.
O Example: Find the shortest path between points (x1, 1) and (x2,ys) in the x-y-plane.

We can assume that 7(z) = (z,y(z)) is a valid parameterization of the trajectory.? The length
of the trajectory s[y] is a functional of possible functions y(z) and we look to minimize s. The

length is given by
x2 €2
s = / dx = / Vv 1+ y?2de (2.6)
1 1

Obviously s[y] of the type discussed above with f(y’) = y/1+ y2. The Euler-Lagrange Equation
gives

d_F
dx

o= 29f _d_y
dx oy dz (/1 + y

Hence y'/y/1+ y'2 = const. and thus ' = const. That means that y = az + b is a straight line as
expected. The parameters a and b are determined by the boundary points.

(2.7)

2.2 Constraints and Generalized Coordinates

[0 Constraints in mechanical systems are conditions imposed on a motion, e.g. by geometry.
They should be included in the equations of motion but this is often difficult to do from the
outset. As an example consider a two-particle system with a fixed distance (like a dumbbell with
a handle of negligible mass).

[0 Constraints are enforced by forces of constraint, e.g. normal forces (solid surfaces), tension
(ropes) etc. We note that those forces are a priori not known but they are determined by the
motion of the system. In other words only the outcome of the forces (the constraint) not the force
itself is known. This makes constraints often challenging to treat.

[ Classification of Constraints. Let us assume a system described by cartesian coordinates
T1y.-.,TN-

e Holonomic constraints are of the form

filxy,...,zn,t) =0 fori=1,... k (2.8)

2Note that we have immediately made the assumption that the trajectory can be characterized as a function
y(x) (or z(y)). One can reiterate the argument in this example to show that this is always the case.
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with k£ < N, where all equations fi,..., fr are independent of each other (i.e. the rank of
the matrix 0f;/0x; is k). Holonomic constraints decrease the effective number of degrees of
freedom by k.

Example: Consider the “dumbbell” from above. The constraint can be written as (xo—x1)*+
(yo —y1)? + (20 — 21)? — d?® = 0 where d is the distance of the two point masses and (z;, y;, 2;)
is the position of mass i. The effective number of degrees of freedom is N —k =6 —1 = 5.
Later we can identify them as the 3 degrees of freedom of the center of mass point and two
rotational degrees of freedom.

e Non-holonomic constraints can not be written in the form above. While many types of
non-holonomic constraints exist they all have in common that they do not allow for the
elimination of a coordiante, i.e. they do not reduce the number of degrees of freedom. The
most important examples are the following:

— Non-integrable constraints of the form

N
> wide; +widt =0 fori=1,... k. (2.9)

J=1

Obviously holonomic conditions always imply such (weaker) relations as well. However
non-integrable specifically means that there are no functions fi, ..., fx such that w;- =

— Inequalities. Examples are constraints by solid surfaces like a particle on a table (con-
straint z > 0 in obvious coordinate system) or a particle sliding off a sphere with radius
R (2% +y* + 2% > R? in coordinate system centered in the sphere).

[0 An example for non-integrable constraints will be discussed in HW III.
[0 In principle we can deal with constraints by taking into account forces of constraint in Newton’s
Second Law. E.g. for a single particle we have

mi=> Fi+Y Z

j=1 i=1

(2.10)

<
£y

where the Z; are forces of constraint and the F; are all other forces. Usually the Z; are not known
a priori and have to be solved for or eliminated from the equations of motion.

[0 In order to eliminate k£ holonomic constraints we can go from cartesian coordinates z1, ...,y
to generalized coordinates ¢, ..., qs where s = N — k. The following obvious condition needs to
be fulfilled for generalized coordinates to be useful: The old coordinates are uniquely determined
by the generalized coordinates plus constraints, i.e.

v =x(q,...,q5) fori=1,... N. (2.11)

If in addition we want to eliminate all holonomic constraints we demand that there are no functions
f for which f(qi,...,qs) = 0. Note that we do not demand that generalized coordinates have the
dimension of length. They could be e,.g., angles, areas, or any other type of physical quantity.
The time derivatives ¢, ..., s are called the generalized velocities.
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[0 Of course, in the case discussed in the last paragraph the s generalized coordinates are also
uniquely determined by the set zy,...xy through the equations (2.11) together with the con-
straints of the form of Eq. (2.8). This one-to-one mapping ensures that the Principle of Deter-
minacy also holds for generalized coordinates: The set of generalized coordinates and velocities
(¢1,---,4s;G1,---,qs) at any point ¢t completely determines the motion of a system.

[0 Solving a system with constraints with Newton’s Laws. General scheme: Newton’s Second
Law for cartesian coordinates with all forces = Change to suitable generalized coordinates =—>
Eliminate Forces of constraint = Effective equations of motion for generalized coordinates.

[0 Example: Frictionless pearl on rotating wire. A wire rotates with constant angular speed w
around the z-axis at an angle o with the axis. A pearl of mass m slides frictionlessly on the wire.

(i) Obviously the wire provides a geometric constraint for the motion of the pearl. Newton’s
Second Law including gravity and the force of constraint from the wire gives

mi = —mgs + 2 . (2.12)
Z is not know at this stage.

(ii)) We switch to better suited cylindrical coordinates r, ¢ and z. Note that we have two
holonomic constraints. The wire forces z — rcota = 0 and the motion of the wire in
addition determines that ¢ — wt = 0. Thus we have only one degree of freedom and we
can choose the radial coordinate r as our one generalize coordinate. We use x = r coswt,
y = rsinwt and z = rcot . Plugging in to Newton’s Law we obtain three equations of

motion.
it coswt — 2Fwsinwt — rw? coswt = Z,/m 1] (2.13)
it sin wt + 27w cos wt — rw? coswt = Z,/m 2] (2.14)
Feota=2Z,/m—g 3] (2.15)

(iii) Although we have only one degree of freedom we retain all three equations. In fact the total
number of unknowns is four. We need one more equation to determine all unknowns. We
need to find one more property of the force of constraint. We can get it be recalling that
the force of constraint, like a normal force, has to be perpendicular to the wire, i.e.

Zysinacoswt + Zysinasinwt + Z,cosa =0 [4]. (2.16)
Taking sinacoswt times [1] and adding sinasinwt times [2], and using [4] we arrive at
sinai — rw?sina = —cosaZ,/m. which we can use to eliminate Z, in [3]. The final
equation of motion for the generalized coordinate r is

i (tan o 4 cot ) — rw’ tana + g = 0 (2.17)

Of course we could go back and determine the force of constraint Z by the wire once we
have a solution for 7(t).3

3We can easily solve the equation of motion since it is a linear ordinary differential equation with constant
coefficients. We note that r = g cot a/w? is a particular solution of the inhomogeneous equation, while the solution
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2.3 The Principle of Least Action

0 Newton’s Second Law contains everything needed to solve any Mechanics problem. However,
for more complicated problems switching to generalized coordinates and elimination of forces of
constraint is tedious. We need something more effective to derive equations of motion.

[0 Let a mechanical system be described by generalized coordinates ¢ = (qi, ..., qs) which take
(initial and final) values ¢ and ¢ at particular times ¢; and ¢,, respectively. The Principle of
Least Action or Hamilton’s Principle states: There exists a differentiable function

L(an>t):L(q1a>q87q1>aQSﬂt) (219)
for this system such that the motion between ¢; and t, leads to an extremum of the functional
to
St = [ L.t (2.20)
t1

L is called the Lagrangian or Lagrange function of the system and S is called the action of the
system.

[0 In the remainder of this section we will (i) reformulate the Priniciple of Least Action as a set
of differential equations, (ii) set up a recipe to find the Lagrange function of a mechanical system,
and (iii) show that the Principle of Least Action is equivalend to Newton’s Second Law.

2.3.1 Lagrange Equations

[0 For now suppose a Lagrange function L exists for a given system. Then ¢(¢) is the motion of
the given system and satisfies the Principle of Least Action (with no constraints) exactly if

/0L d oL
Z (aq,- - an‘i) 5qi =0 (2.21)

1=1

where the dg; are variations of the coordinates around the extremum (and physical motion) g;.
Proof: This follows immediately from Sec. (2.1) if the derivation of Eq. (2.4) is repeated for the
functional Slq, ..., qs] depending on s real functions instead of just one. The expression on the
left hand side of Eq. (2.21) is simply the integrand of the expression corresponding to Eq. (2.4) in
this case, and Eq. (2.21) is a necessary and sufficient condition for 05 = 0 at the extremum.

[0 If a Lagrange function L exists and in addition all generalized coordinates are independent
of each other (i.e. all constraints eliminated) then for above expression to vanish all terms in
parentheses have to vanish independently. Thus we arrive at s independent equations of motion

oL _ i@L
Og¢;  dt g

0S5 =0 <= fori=1,...,s. (2.22)

This set of equations is known as the Lagrange equations of the second kind or simply the Lagrange
equations.

space of the homogeneous part is obvioulsy given by exponential functions. Hence the general solution is

r(t) = % cota + Aew’sina’t 4 pe—wisina’t (2.18)
w
A and B are determined by the initial conditions of the motion. An more intuitive way to think about this
system is via an effective potential energy for the generalized coordinate r (see Sec. ...) which can be obtained
from integrating the “generalized force” mi: U(r) = —%w2r2 sin? o 4 mgrsin o cos . We see that the stationary
particular solution corresponds to orbits with the unstable equilibrium point in the effective potential energy as
the radius.
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2.3.2 The Lagrange Function

Before we can start solving mechanical problems with Lagrange equations we still need to make
sure we can find a Lagrange function L(q, ¢,t). First we establish that Lagrange functions are not
unique.

0 Gauge transformations: The Lagrange functions

L(g,4,t) and L'(q,4,t) = L(q,4,t) + % f(q. 1) (2.23)

are equivalent for any differentiable function f(q,t). With equivalent we mean that they give the
same solution for the Principle of Least Action, i.e. 0S5 = 0 <= 05’ = 0 where

to t2
S = / Lit , S = / Ldt (2.24)
t1 t1

for arbitrary ¢y, t5. Such transformations with total time derivatives are called (mechanical) gauge
transformations.
Proof:

St = [ Ladnis [ Ereni=sid+ St - o) @29

The two last terms vanish under variations since they are evaluated at the boundaries. One can
also work out the proof using the Lagrange equations.
[0 With one Lagrange function known we can construct infinitely many through gauge transfor-
mations. We also note that the Lagrange function itself can not be a physical observable since it
is ambiguous.
[0 We can use Galilei invariance to construct the Lagrange function of a free particle. Note
that L does not have to be strictly invariant under Galilei transformations. Rather, a Galilei
transformation is permitted to change L into another Lagrange function that is related to the
original via a gauge tranformation. (The motion determined by those two Lagrangians would be
the samel)

Using first translational invariance in time and space and then rotational invariance we note
that for a single free mass

L(7,¥,t) = L(¥) = L(v*) . (2.26)

Now let us investigate how L(v?) changes from a frame of reference K to another frame K’ which
moves with infinitesimally small velocity dw with respect to K. The Lagrange function in K’ is

L'=L((7+dw)?) = L(v*) + 2%6- diw + O ((dw)?) (2.27)

Dropping terms beyond the first order in dw we require L’ to be equal to L up to a gauge
transformation. For that we need the second term to be the total time derivative of a function.
Now ¢ already is a time derivative so dL/dv? should be a constant. Then

dt \ dv?

Hence we conclude that L = const. x v2. We are free to choose the constant and define “the
Lagrange function of a free point mass m to be equal to its kinetic energy,

d (. dL
L'=L+— (2—F~ dw) . (2.28)

w4

1
L= §mv2 =T.5 (2.29)

40f course we can find infinitely more through gauge tranformations.
50One can show that L’ and L are also equivalent if related through a finite velocity @, see LL, §4.
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[ Next consider a point particle subject to a conservative force F(7) = —VU (7). By comparing
the Lagrange Equations with Newton’s Second Law we find that

L= %va — U(7) (2.30)

is an acceptable Lagrange function in that case. Proof:

oL d oL
——— =0« F,—mu, =0 2.31
Ori dt 01),- my ( )
[0 The general case: Let a system be described by generalized coordinates ¢i,...,qs with-
out further holonomic constraints, with kinetic energy T'(q1,...,qs; ¢, - -,¢qs) and kinetic energy

U(qi,---,qs). Then
232

is a Lagrange function of the system. Proof: : Will follow from considerations in the next chapter.
[0 Let us discuss Lagrange functions in generalized coordinates further, starting from their carte-
sian counterpart L(x,,t) for the same system. Since x; = x;(q1, . . ., qs) (note the missing explicit

time dependence) we have
ox;
] 2.33
Sy 239

The Lagrange function T — U can be expressed as

ox; 0x;
Oqr Oq1

L(q,q.t ZMkl @)drg — U(q)  with Mkl—z

kll

(2.34)

In particular, the kinetic energy is still a quadratic form in generalized velocities (but in general
no longer diagonal and it can also explicitly depend on coordinates).®
[0 Some important special cases:

e Cylindrical coordinates r, ¢, z. The kinetic energy is

1 2202 | 22
T—§m<r +7r79 +z). (2.35)

e Spherical coordinates r, 6, ¢. The kinetic energy is

1 . .
T = 3™ (7‘“2 + 726 4 r? sin? 9¢2> : (2.36)
[0 We revist the example of the frictionless pearl on a rotating wire from the end of Sec. 2.2.
Instead of using Newton’s Law we use generalized coordinates and Lagrange equations and we
will enjoy to see how much simplified the calculation becomes.

(i) We set up a cylindrical coordinate system and with only one degree of freedom we opt for r
as our one generalized coordinate.

6You can check that if we allowed explicit time dependences in the transformation to generalized coordinates
the kinetic energy would no longer be purely quadratic in velocities.
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(ii) The Lagrange function,using the constraint z = r cot a is

1
L= 5™ (7* + r*w* + 7 cot ) — mgr cot . (2.37)
(iii) The Lagrange equation is
doL 0L
0= Hor o mi* (1 + cot® a) — mrw® + mg cot a (2.38)

which is the same as Eq. (2.17) obtained with much less work.

2.3.3 The d’Alembert Principle

[0 The d’Alembert Principle is a “differential” version of the Principle of Least Action. Consider
a system of particles at positions 75, i = 1,..., N, subject to forces of constraint Z: and driving
forces ]3, Then p = ]3, + Z, Further consider an arbitrary small variation 67; of each particle at
a fizxed time which is consistent with the constraints. We postulate

> Zi- i =0. (2.39)

1=1

~

In words, forces of constraint do not do work for variations of positions that are consistent with
the constraints. This is clear from our definiton of allowed variations.
0 Using Newton’s Second Law we can rewrite the condition above as

Z(ﬁi—@).aﬁ:o. (2.40)

=1

This is known as d’Alembert’s Principle. It is clear that the d’Alembert Principle is equivalent
to Newton’s Second Law. In the following we will show that d’Alembert’s Principle is equivalent
to the Principle of Least Action for problems for which a Lagrange function exists, and hence
Newton’s Second Law is equivalent to the Principle of Least Action in that case as well:

Newton] — (@ lomber] 1)

exists

[0 Generalized Forces: Let ¢ = (q1,. .., ¢s) be generalized coordinates for the system. We define

the generalized forces Q;, j =1,...,s (from the driving forces) as
Yoo
Q=) F- % (2.42)

Depending on the dimension of ¢; the dimension of (); is not necessarily that of a “cartesian”
force. E.g. if ¢; is an angle @); will be a torque.

[0 For conservative systems F’Z = —V,U. In that case
ou

Q= —— 2.43

J aqj ( )




for y=1,...,s. Proof:
N
or; ou
o E U) - - ——, 2.44

i=1

[0 Next we rewrite d’Alembert’s Principle in generalized coordinates. The term involving the
forces is straight forward to express in generalized forces

N s - ]
S A on =S B g = 3 Qg (2.45)
i=1 i=1 j=1 4 j=1

where the dg; are equal time variations of the generalized coordinates which are consistent with
the constraints. On the other hand we have

: . /doTr oT
E e Y — E _ . 2'4
2 = (dt 94; 8qj) & (2:40)

where T is the kinetic energy. Proof: See Homework.
We conclude that d’Alembert’s Principle is equivalent to the statement

~(dor 9T
——,———Q-) 0g; =0. (2.47)
; (dt an 8%‘ J I
[0 For the last step in our proof to show the equivalency of d’Alembert and the Principle of Least
Action we restrict ourselves to conservative systems, i.e. we have Q; = —0U/Jq; and a Lagrange

function L =T — U exists. Then d’Alembert is equivalent to

. (d oL 0L
; (%a_qj - a_qj) 5q; =0 (2.48)

which is the same as Eq. (2.21). We note that the same arguments go through for those non —
conservative systems that do possess a Lagrange function. We will discuss those cases in the next
subsection. Q.E.D.

Of course we reclaim the set of s Lagrange equations from the last equation if all variations dg;
are independent of each other, i.e. all constraints are eliminated in the generalized coordinates.

2.3.4 Non-Conservative Systems

[0 The d’Alembert Principle provides a method that allows us to write down equations of motion
for systems with generalized forces (); independent of whether or not these forces are conservative.
For holonomic systems with s independent coordinates we have the set of equations

dor T
dtdg Oq

Qi (2.49)

fori=1,...,s.

[0 We can allow the following generalization of a potential energy function which allows us to
keep the same Lagrange equations we have for conservative systems. We call U(q, ¢) a generalized
potential energy for the system if

Qi=—F7— 5 (2.50)




for all j =1,...,s. Note that conservative forces are included in this definition as a special case.
Then we define L = T — U and obviously the d’Alembert Princple is equivalent to the set of
Lagrange equations using this Lagrange function L.

[0 An important example: the electromagnetic force. Recall that for external electric fields E
and B the force on a charge ¢ moving with velocity o is F = q(ﬁ +7x B ). Because of the velocity
dependence the electromagnetic force in general is non-conservative. Let us introduce the scalar
potential ¢ and vector potential A such that B=V x A and F = —Vo — %/_U The generalized
potential for the electromagnetic force is

U:q<¢—17>< /Y) (2.51)

Proof: See HW.

[0 A special case: the friction force. Friction is an important non-conservative force for which no
generalized potential exists. Friction forces linear in velocity can be implemented into the Lagrange
formalism using a special construction, the so called dissipative function. Let Q; = QE-U) + QE—R),
7 = 1,...,s be a decomposition of the generalized forces into a part for which a generalized
potential U exists and friction forces QE»R). d’Alembert’s Principle tells us that

= = Q) (2.52)

for j =1,...,s. Noassume that the friction foces are linear in the velocities, Q§R> =—> 1=16q
with coefficients (;; = 3;; given by phenomenology.® We define Rayleigh’s dissipative function as

1o,
D = 2 Z Bii iy |- (2.53)
i,7=1
Obviously we have
oD doL oL 0D
Qj=—-—F7— and ————+-—=0. 2.54
I an dt 8%‘ 8%‘ an ( )

The latter equation is called a modified Lagrange equation (of the second kind). D is another
scalar function describing the system besides L.
O For systems with Lagrange function 0L/0t = 0 and a dissipative function D for which only
contains conservative forces contribute to L we have the following equation for the rate of energy
loss: iE
pr 2D. (2.55)
Proof: Expanding the time derivative on 1"+ U using the chain rule and using partial integration
on the velocity derivatives of T' we obtain

dE <~ (0T 9T \ dU ~(O0L.  0OU. ~[d (0T . . doT
w2 (o ) X (e o)+ X[ (e) -9

j=1 7j=1 j=1

i oL d dL dU dT < .0D dE dE
= = - =2 ) h— 4927 —92D+2°" Q.ED. (256
> s (8% dt 8@-) e T w ;qﬂ 90, i 2y« (2.56)

j=1

"Consult your favourite book on Electromagnetism if you're not sure about this.
8Friction forces are not fundamental in nature.
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2.3.5 Non-Holonomic Systems

[0 Consider systems with coordinates ¢, ..., qs and p conditions of the type
N . .
> wldg; +widt =0, (2.57)
i=1
j=1,...,p. Hence for variations dg; at equal time
> wlog =0 (2.58)
i=1
for 5 =1,...,p and trivially the linear combination of those equations
p S )
>N wlegi=0 (2.59)
j=1  i=1
is true for any parameters \;, 7 =1,...,p. The ); are called Lagrange multipliers.

0 The d’Alembert Principle (2.48) and the previous equation taken together tell us that

(0L dOL <<,
Z(aqi_%aq'ﬁZ;Ajwi) 5q; =0 (2.60)

i=1

where the d¢; are not independent because of the differential constraints. However we are free to
choose a subset of them, say dqu, ..., d¢s—, independently and then have ¢s_,1, ..., dgs determined
by the constraints.

In order to break up the previous long equation into s independent equations we use the fact
that we can choose the Lagrange parameters any way we want. We opt to have the p parameters
A; satisfy the p equations

OL dOL <,
e S hwl = 2.61

fori=s—p+1,...,s. Then Eq. (2.60) reduces to the smaller equation

—— [0L dOoL & :
Z (3% dt an + ; sz q 0 ( 6 )

i=1

where are the remaining dg; are independent. Thus

OL dOL .,

fori=1,...,s—p.
In summary this means that we have s+ p equations to solve for the mechanical problem under
discussion. We have

doL 0L & »
i Z A (2.64)
j=1
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for: =1,...,s which are called the Lagrange equations of the first kind, and p equations
> wlgi+w)=0 (2.65)
i=1

for j =1,...,p from the differential constraints.
[0 Let us compare Egs. (2.64) and (2.47). Clearly the

p
Qi =Y \wl (2.66)
j=1
1=1,...,s are generalized forces related to the constraints.

[1 Note that we can use Lagrange equations of the first kind for holonomic constraints as well if
we are interested in calculating the forces of constraint.
[0 Example: The frictionless Atwood Machine. Consider a (massless,unstretchable) rope of lengh
[ running over a massless pulley (radius R) with two masses m; and msy attached to the two ends
of the rope. What is the acceleration of the system and what is the force in the rope.

Let z; and 2z be the length of either side of the rope as measured from the height of the center
of the pulley straight down towards masses m; and msy respectively. The constraint from the rope
is

Zl+22+7TR—l:0 (267)

Obviously we could eliminate this holonomic constraint but since we are interested in calculating
the force of constraint we keep both z; and 2, as coordinates.
By differentiating the constraint we obtain

21+ 29=0 or dz +dzn=0. (2.68)

Thus w; = 1 = wy.? The Lagrange function is

my ., My,
L= 712% + 7223 + mi1gz1 + magze (2.69)
The Lagrange equations of the first kind read
ml,'z'l —myg = A y mgég — Mag = A (270)
Obviously Q1 = A = @, is the force of tension acting from the rope onto both masses.
From the constraint we know Z; = —Z5 and after eliminating A\ we obtain
.. .. my — Mg
= 3= ———= . 2.71
= 2 gm1 -+ Mo ( )
Hence the tension is mam
A= 29— 2 (2.72)
my + Mo

which is negative (i.e. upward) with our choice of coordinates.

2.4 Noether’s Theorem and Integrals of Motion

In this section all systems shall be holonomic and conservative unless stated otherwise.

9We omit the upper index since there is only one constraint.
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2.4.1 Integrals of Motion

[0 For a system with generalized coordinates ¢, ..., ¢, and Lagrange function L we define the
generalized momenta
oL
== 2.73
j=1,...,s).
Examples:

e For a free particle L = 22 we have p; = L/0r; = mr; as expected.

e For a particle in and electromagnetic field L = %7’“2 —qo + q? - A we have pj = mr; + qA;
which is not identical to the mechanical momentum mr;.

[0 The coordinate g; is called cyclical if and only if % = 0, i.e. the system does not depend on
J
¢;- Then

g; cyclical < p; = const. (2.74)

Proof: g—qu = 0 in the Lagrange equation implies £(9L/8q;) = 0. Conservation laws like this are
often useful for solving equations of motion.
[0 Suppose for the system under consideration there exist certain functions Fy(q1, ..., ¢qs; ¢, - - -, ds; t),
k=1,...,r with r < 2s such that all F}, = const. for the motion. Such functions F} (and their
constant values) are called integrals of motion.

Example: Generalized momenta py of cyclical coordinates g, are integrals of motion.
[0 General strategy: try to find a set of generalized coordinates with as many cyclical coordinates
as possible to make a problem easier.

Example: Two masses my, my with interaction given by potential U(|—71]). Choose center of
mass coordinates g1 = X, ¢o = Y, g3 = Z and a spherical representation of the relative coordinate

™ qu=7,q5 =0, gg = ¢. Then

L=5M <X2 LY Z2) + 5h (ﬂ +126% + r?sin? 9¢>2) —Ur) (2.75)
and
X cycl. = p; = MX = P, = const. (2.76)
Y cycl. => py = MY = P, = const. (2.77)
Z cycl. = p3 = MX = P, = const. (2.78)
¢ cycl. = pg = pr?sin® 0¢ = (L), = const. . (2.79)

Here L, = LT X 7 is the angular momentum vector associated with the relative coordinate, cf. Eq.
(1.66). From the absence of a torque we can furthermore conclude that the entire vector L, is
conserved.

2.4.2 Noether’s Theorem

O Let L(q, ¢) be the Lagrange function of a system with motion ¢(t) = (¢1(¢),. .., ¢s(t)) which is
amap ¢q: I — K from a time interval I C R into the s-dimensional configuration space K C R?
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spanned by the generalized coordinates ¢;'°. Next we define continuous transformations of the
motion (think of coordinate transformations as examples). In order to be general we do this by
introducing a map h : J x [ — K, (u,t) — h(u,t) where the parameter u is from an open
interval J C R that contains zero. We say that h is a transformation of the motion ¢ if it satisfies
the following properties.

1. h(0,2) = q(t)
2. h(u,t) is differentiable in u and twice differentiable in t.
3. L (h(u,t), h(u, t)) = L(q(#), 4(t)) for all values of u in J.

In other words, we have a continuum of possible motions, parameterized by u that lead to the
same Lagrange function as a function of time ¢.1!
[0 Noether’s Theorem. For a system with a transformation h as defined above

Z oL d 1)
< D4 du

(2.80)

u=0

is an integral of motion.
Proof: Because of the invariance of the Lagrange function under transformations we have

d _y- [z an
u=0 o 0q; du

0= L [(u, ), (u, )]
1 1o, 1),
Applying the Lagrange equations on the first term and exchanging derivative in the second term

we arrive at
Z d OL d_hj
B dtdg; ) du

2.4.3 Integrals of Motion Related to Symmetries of Space and Time

oL di,
u=0 Oqj du

:0] (2.81)

oL d dh;

u=0 + Oqj dt du

}_i lath
u=0

S d dq; du lu= o} ' (282)

In this section we connect the already known fundamental integrals of motion, energy, momentum
and angular momentum, to space-time symmetries. Along the way we learn how to apply the
Noether Theorem in practice.

Energy

[0 We start with energy which is actually the one which is outside of Noether’s Theorem as we
have just proven it. Let us look at a holonomic system with generalized coordinates qq,...,q;s
for which a Lagrange function L exists (we do not demand the system to be conservative for this
discussion). We define the Hamilton function H for a system as

H=Y pjg—L (2.83)
=1

107f the coordinates are all cartesion K = R* but we leave the possibility that some generalized coordinates have
naturally “smaller” allowed range.

Don’t be confused here, the motion of a system is still uniquely determined once initial conditions are fixed
which is not required here!
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where the p; are the generalized momenta.
[0 A system is homogeneous in time, if and only if the Hamilton function is an integral of motion,
ie.

%—f <= H = const. |. (2.84)

Proof: This follows from Beltrami’s Identity discussed in the homework, but we give an explicit
proof here nevertheless. We have

d ~[d, .. OL. OL.] OL
o= > {@ (Pig) — g, 8—%%} o

7j=1
~[d 0L (dOL\ ~d ] 9L _  OL
_Zﬂﬁ@w—afﬁ<ﬁ@ﬁ%—5@mﬂ—g——a.@&)

0 Now consider a system where in addition all constraints are independent of time (i.e. sclero-
nomic). In that case the Hamilton function measures the total energy of the system

H=T+U=E| (2.86)

Proof: Scleronomic conditions mean that the generalized coordinates do not depend explicitly
on time. Hence the kinetic energy can be written as discussed in Eq. (2.34),

1 ¢ .
T =2 M9 (2.87)
i,j=1
and
Y pig;=2T = H=T+U. (2.88)

j=1
[ In particular we can deduce the following statement: in a holonomic-scleronomic system with
OL/0t = 0 the total energy £ = H is conserved.

0 Example for a system with Hamilton function conserved but energy not conserved: pearl on
a rotating wire.

Momentum
[0 Consider a system of n particles with N = 3n degrees of freedom at coordinates = =
(Z1,...,%,). We return to the case of holonomic and conservative systems for the rest of this

chapter. Let é be a unit vector in R® and h(u,t) be a transformation on the trajectory x(t) that
realizes translations in space along the direction é, i.e.

h(u,t) = x(t) + ue” (2.89)

where é€" is the vector (é,...,¢é) with n entries. Obviously h satisfies the first two conditions for
a transformation from Noether’s Theorem.

[0 Let us now consider a system which is translationally invariant in space, i.e. a system for which
x(t) is a solution (without imposing boundary conditions) if and only if z(¢) + a is a solution for
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any N-dimensional vector a. In that case condition (3) for a transformation eligible for Noether’s
theorem is satisfied as well and we know that

N n
oL d L . B s
h;(u,t) .= E pi-é=P-é (2.90)

1 825']‘ du u= 1

=

is an integral of motion. Here the p; are the momenta of the individial particles and P is the total
momentum of the system. We note that the derivative in the derivation is

d
@h(uv t)

Thus we obtain that the total momentum of the system projected onto the direction é is conserved.
But of course é was arbitrality chose, so we conclude that for a translationally invariant system the
total momentum P is conserved, as expected. Comparing with the old statement about momentum
conservation we note that the translational invariance requires external forces to vanish.

[0 In particular for a single particle we reconfirm the previous statement that the momentum
component p; is conserved if and only if the Lagrange function does not depend explicitly on the
coordinate z;, i.e. x; is cyclical.

— e, (2.91)

u=0

Angular Momentum

0 Consider a system of n particles as above. Let é be an axis and ¢ a rotation angle around é
(counted according to the right hand rule). We define the vector gz; = ¢é to describe this rotation.
For a point 7" the image under a small rotation Agz; is 7+ A7 where Ar = AQE X 7= A¢é X T.
We define a transformation h(A¢,t) as a rotation that maps Z;(t) into Z;(t) + A¢pé x Z;(t) for all
i =1,...,n. Again we observe that conditions (1), (2) for the transformation being eligible for
Noether’s Theorem are fulfilled.

[0 Now we consider only those systems that are invariant under such rotations for any é, i.e. the
system is isostropic. Noether’s Theorem applies and we know that

oL d n
;a_x'jmhj(wat)‘mzo = ;pi (exd)=L-¢ (2.92)

is an integral of motion, where L is the total angular momentum of the sustem with respect to
the origin. Hence the component of the angular momentum along é is conserved but if rotational
invariance is true for any orientation of é the total angular momentum vector L is conserved.

Examples

[0 Example 1: A particle moves in the field of an infinite, homogeneous plane. What components
of p’and L are conserved?

Let U(7) be the potential energy of the particle, choose coordinates such that the plane co-
incides with the x — y-coordinate plane. We have translational invariance in x- and y-direction,
0U/0x = 0 = 0U /0y and therefore p, and p, are conserved. U(r) is also invariant under rotations
around the z-axis, dU/0¢ = 0 with gz; = ¢2, thus L, = 2 - L is conserved.

[0 Example 2: A particle moves in the field of two point charges. What components of p’and L
are conserved?

Let U(r) be the potential energy, choose the z-axis through both point charges. U(7) is also
invariant under rotations around the z-axis, U /d¢ = 0 with gg = ¢z, thus L, = 2- L is conserved.
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