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Abstract. Bimo dal distributions of some c hosen v ariables measured in n uclear collisions w ere recen tly

prop osed as a non am biguous signature of a �rst order phase transition in n uclei. This section presen ts a

compilation of b oth theoretical and exp erimen tal studies on bimo dalities p erformed so far, in relation with

the liquid-gas phase transition in n uclear matter.

After a form ulation of the theoretical bases of bimo dal-

it y , w orld-wide exp erimen tal results will b e review ed and

discussed, as w ell as the o ccurrence of some kind of bi-

mo dalit y in mo dels. Finally conclusions on the p ersp ec-

tiv es of suc h analyses in the near future and the p ossi-

ble connections to other prop osed signals of the liquid-gas

phase transition in n uclear matter will b e giv en.

1 Theo retical bases

1.1 De�nition

Bimo dalit y is a prop ert y of �nite systems undergoing a

�rst order phase transition [1, 2]. It is th us a generic fea-

ture whic h concerns not only Nuclear Ph ysics but a broad

domain of ph ysics suc h as Astroph ysics, or Soft Matter

Ph ysics. Bimo dalit y means that the pr ob ability distribu-

tion of an or der p ar ameter of the c onsider e d system at

phase tr ansition exhibits two p e aks sep ar ate d by a mini-

mum . Indeed, if the system is in a pure phase, the order

parameter distribution consists in one p eak and can b e

c haracterized b y its mean v alue and its v ariance. By con-

trast, if the system is in the co existence region, the dis-

tribution presen ts t w o p eaks, w ell separated, whose prop-

erties are related to the t w o di�eren t phases of the sys-

tem [1]. Bimo dalit y is then one of the signals asso ciated

to a �rst order phase transition [2], b eside others suc h as

scaling la ws, critical exp onen ts or negativ e heat capacities.

In the follo wing, the term \bimo dalit y" will abbreviate

\the probabilit y distribution of some v ariable, in a giv en

region of the phase diagram of the system, is bimo dal".

1.2 Pioneering studies

Bimo dalit y and its relationship to phase transition has

b een studied since the 80's. Fig. 1 sho ws an Ising mo del

Fig. 1. Ev olution of the magnetization M , as a function of

the applied magnetic �eld H , in the Ising Mo del for a lattice

de�ned b y the size L. The b ottom panel presen ts a sc hematic

probabilit y distribution of the magnetization b et w een � M

L

and + M

L

around the critical �eld v alue H

c

. T ak en from [3].
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Fig. 2. En trop y S of the system as a function of an order parameter X of the phase transition. The relation is made b et w een

the con v ex in truder of S , the bimo dal distribution in X (left) and the abnormal 
uctuations of X in the phase co existence

region (righ t). � is the in tensiv e v ariable asso ciated with X . T ak en from [6].

sim ulation of a ferromagnet studied b y Binder and Lan-

dau [3]. In this analysis, the authors studied the mag-

netization M of the system as a function of the applied

magnetic �eld H . When the magnetic �eld comes close

to the critical v alue H

c

, the sp on taneous magnetization

of the ferromagnet presen ts a sudden c hange; in this case

the probabilit y distribution of the magnetization is nev er

bimo dal, as the system \jumps" suddenly from the nega-

tiv e v alue - M

sp

to the p ositiv e one + M

sp

: the transition

b et w een the t w o regimes is sharp at the thermo dynamical

limit.

By con trast, when the size of the system is �nite (and

de�ned b y the n um b er of sites L ), the step function is

replaced b y a smo oth curv e in Fig.1, with a slop e prop or-

tional to L

d

- where d is the dimensionalit y of the system.

Consequen tly , in the vicinit y of H

c

, the magnetization M

exhibits a bimo dal structure as sho wn in the b ottom panel

of Fig. 1.

1.3 Link with phase transition in Thermo dynamics

It w as recen tly demonstrated b y Chomaz and Gulminelli

that bimo dalit y of the probabilit y distribution of the order

parameter is equiv alen t to the other de�nitions of phase

transition prop osed up to no w [4].

Relationship to the Y ang-Lee theo rem The Y ang-Lee

theorem [5] is considered as the standard de�nition of

�rst-order phase transitions in the thermo dynamic limit.

As demonstrated in [4] bimo dalit y is a necessary and suf-

�cien t condition for zero es of the partition sum in the

con trol in tensiv e v ariable complex plane to b e distributed

on a line p erp endicular to the real axis.

Anomaly of thermo dynamical p otentials A �rst order

phase transition is c haracterized b y an inverte d curvatur e

of the relev an t thermo dynamical p oten tial (en trop y , free

energy) [6, 7]. This feature is also equiv alen t to a bimo dal-

it y in the ev en t probabilit y of the giv en order parameter

X as displa y ed in the left part of �g. 2.

Negative derivatives of the thermo dynamical p otentials

A �rst order phase transition w as also related to a bac k-

b ending in the equation of state of the system [6], c harac-

terized b y a negativ e second deriv ativ e of the thermo dy-

namical p oten tial, as for example the heat capacit y if the

energy is the order parameter, �g. 2 righ t.

1.4 Micro canonical vs. canonical ensemble

Fig. 3. Energy distributions obtained in the Gaussian ensem-

ble for di�eren t a = N = N

0

. T ak en from [8].

Among the observ ables signing a phase transition, the

heat capacit y is related to the 
uctuations of the partial
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energy of the system and need to b e studied in the mi-

cro canonical ensem ble, while bimo dalit y can only b e ob-

serv ed when the system is free to 
uctuate in terms of

the asso ciated extensiv e v ariable (i.e. energy or v olume).

This case corresp onds to canonical or isobar ensem bles. In

other w ords, ev en ts m ust b e selected without constrain t

on the extensiv e v ariable in order to study bimo dalit y .

Ho w ev er in n uclear ph ysics exp erimen ts, the t w o colliding

n uclei form an isolated system: it seems th us natural to

w ork in a micro canonical ensem ble, and cuts can b e ap-

plied on the energy of the system, determined for instance

b y calorimetry . It seems con v ersely out of reac h to b e in

a canonical framew ork whic h w ould require the existence

of a large heat bath.

The situation is not hop eless, as it w as sho wn some

y ears ago that prop erties of phase transitions can b e ob-

serv ed ev en if the w orking ensem ble is not strictly micro-

canonical or canonical, but is an in terp olating ensem ble.

In Gaussian ensem bles for instance, it is supp osed that

N particles are in con tact with a system of N

0

particles

acting as a heat bath at temp erature T. When N

0

v aries

from 0 to 1 , the w orking ensem ble mimic ks the transition

b et w een micro canonical and canonical [8]. Fig. 3 presen ts

the results of suc h a sim ulation, where it is clearly seen

that the probabilit y distribution of the energy - in the

transition region - presen ts a bimo dal shap e only when

N = N

0

is small enough ( < 1 = 1000) while for larger N = N

0

,

the situation is that of the micro canonical case with only

one p eak in the distribution.

1.5 Liquid-Gas phase transition

Fig. 4. Probabilit y distributions of the energy E, v olume V

and a com bination of the t w o v ariables coming from a Lattice-

Gas sim ulation in the canonical ensem ble. T ak en from [1].

Since n uclei are supp osed to undergo a liquid-gas phase

transition, sp eci�c studies of this p eculiar transition w ere

undertak en through Lattice-Gas calculations. In liquid-

gas phase transitions, v olume as w ell as energy are order

parameters. The bimo dalit y of the ev en t probabilit y dis-

tribution in the �rst order phase transition region is ev-

iden t in �g. 4 whic h sho ws the lo cation of ev en ts in the

V olume vs. Energy plane (top left). The pro jections along

the axes ( E ; V ) also displa y the exp ected bimo dalit y , as

do es a linear com bination of these t w o order parameters

(b ottom righ t, red curv e). In this framew ork (Lattice-Gas

mo del), bimo dalit y is evidenced if w e are able to select

(sort) ev en ts in a canonical w a y (or as close as p ossible,

see previous section), and plot the ev en t probabilit y distri-

bution of the energy or v olume, or an y observ ables directly

related to them.

2 Exp erimental observations

Since bimo dalit y w as prop osed as a signature of liquid-

gas phase transition, it w as extensiv ely searc hed for in

ev en t samples resulting from n uclear collisions; studies

w ere made for cen tral collisions, where the liquid-gas phase

transition is clearly evidenced b y previous analyses (see

c hapter \phase transition") as w ell as for p eripheral col-

lisions, where a large range of excitation energy can b e

explored.

2.1 Central collisions: systems with mass � 250

Systems with total mass close to 250 w ere studied with the

INDRA arra y using t w o en trance c hannels, an asymmetric

one, Ni+Au, and an almost symmetric one, Xe+Sn. In

b oth cases, in the inciden t energy range scanned, it w as

sho wn that a fused system w as formed in cen tral collisions.

Bellaize et al [9] ha v e rep orted the observ ation of bi-

mo dalit y of the size asymmetry of the t w o largest frag-

men ts in cen tral ev en ts for the Ni+Au system at 32 A; 52 A

and 90 A MeV. It w as asso ciated with t w o fragmen tation

patterns (see �rst ro w of �g. 5), one similar to residue-

ev ap oration (one large fragmen t with few small ones, zone 1

in �g. 5), the other to m ultifragmen tation (fragmen ts of

nearly equal size, zone 2). A v ariable built with the c harges

of the three largest fragmen ts, Z

1

; Z

2

; Z

3

in decreasing or-

der,

Z

1

� 3( Z

2

+ Z

3

) (1)

also has a bimo dal distribution at 32 A and 52 A MeV,

as sho wn in the b ottom ro w of �g. 5, but no longer at

90 A MeV. This fact is compatible with the lo cation of the

system in the co existence region b elo w 52 A MeV, where it

can exp erience a �rst order phase transition b y exploring

di�eren t densities and temp eratures. F or higher energies

(here 90 A MeV), the system passes directly through the

co existence region and w e observ e only the presence of

the m ultifragmen tation regime, whic h could indicate that

the system explores only the lo w densit y part of the phase

diagram.
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Fig. 5. Correlation b et w een the t w o largest fragmen ts, Z

1

and Z

2

obtained in cen tral collisions for the Ni+Au system at 32 A

(left), 52 A (middle) and 90 A MeV (righ t). The b ottom ro w sho ws an asymmetry v ariable built as a linear com bination of the

atomic n um b er of the three largest fragmen ts. T ak en from [9].

Fig. 6. Probabilit y distributions of the c harge asymmetry b e-

t w een ligh t (Z=3-12) and hea vy fragmen ts (Z � 12) for fused

ev en ts in the Xe+Sn system at 32 A , 39 A , 45 A and 50 A MeV.

T ak en from [10].

Fig. 6 sho ws the distributions obtained when lo oking

at the asymmetry ratio b et w een hea vy , ( Z � 13), and

ligh t, (Z=3 � 12), fragmen ts

�

X

Z

� 13

�

X

Z

3 � 12

�

=

X

Z

� 3

(2)

for single source ev en ts pro duced in cen tral Xe+Sn colli-

sions b et w een 32 A and 50 A MeV [10]. Bimo dalit y is presen t

at all energies, with dominan t \liquid-t yp e" ev en ts at

32 A MeV, and a dominance of \gas-lik e" ev en ts at and

ab o v e 45 A MeV; the t w o t yp es of ev en ts are in roughly

equal n um b er at 39 A MeV, where other phase transition

signals ha v e b een already observ ed (see c hapter \Man y

fragmen t correlations"). The authors of [10] relate the c ho-

sen asymmetry v ariable to the densit y di�erence b et w een

Fig. 7. Charge asymmetry obtained b y using a Sto c hastic

Mean-Field sim ulation (BOB[11]) for cen tral ev en ts of the

Xe+Sn system at 32A MeV. Unpublished results from the au-

thors of [13].

the co existing liquid and gas phases of n uclear matter.

The same v ariable w as built for the ev en ts resulting from a

Sto c hastic Mean Field sim ulation [11] of head-on collisions

b et w een Xe and Sn at 32 A MeV. In this sim ulation, whic h

w as sho wn to w ell repro duce man y exp erimen tal features,

single v ariable distributions as w ell as di�eren t correla-

tions [12{14] (see c hapter \Man y fragmen t correlations"),

the system en ters the co existence region and m ultifrag-

men ts through spino dal decomp osition. The equiv alen t of

�g. 6 for sim ulated ev en ts is sho wn in �g. 7; the picture is

v ery similar to the exp erimen tal data at the same energy

(blac k stars in �g. 6), a bimo dal b eha viour app ears with

a dominance of ev en ts of liquid t yp e.
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Fig. 8. Distributions of the largest fragmen t for cen tral Ni+Ni

collisions from 32 to 90 A MeV (b ottom). The same distribu-

tions at the four lo w est energies are displa y ed in linear scale in

the top panels. T ak en from [16].

2.2 Central collisions: systems with mass � 100

Cen tral collisions b et w een t w o

58

Ni n uclei w ere studied

at inciden t energies b et w een 32 and 90 A MeV; ev en t se-

lection w as made through a discriminan t factorial analy-

sis trained, at v ariance with ref [15], on the complete ex-

p erimen tal ev en ts. A bimo dal distribution of the largest

fragmen t w as observ ed at 52 A MeV, in termediate b et w een

the Gaussian distributions measured at lo w er energies and

the asymmetric distributions found from 74 A MeV up [16].

The minim um is rather shallo w (ab out 80% of the p eak

v alue); at 64 A MeV a bimo dal distribution p ersists, but

no w the p eak on the more fragmen ted side is dominan t.

Con v ersely the distributions of the fragmen ts of higher

rank (not sho wn) are monotonous. T o our kno wledge, it

is the only direct observ ation of bimo dalit y on the largest

fragmen t.

2.2.1 Going further

Cen tral collisions allo w ed to study and evidence a bimo dal

b eha viour of some asymmetry v ariables, whic h can b e con-

nected to the densit y di�erence b et w een a liquid and a

gas phase; in that sense they w ould b e go o d candidates

for b eing order parameters of a liquid-gas t yp e transi-

tion. Nev ertheless, sev eral dra wbac ks can b e p oin ted out;

�rstly it w as sho wn that the ligh ter fragmen ts exhibit a

pre-equilibrium comp onen t in Ni+Au [9], while radial 
o w

e�ects w ere recognised in symmetric systems, Xe+Sn [17{

19] and Ni+Ni [16]. But ab o v e all, the sorting of cen tral

ev en ts selects a rather narro w region in excitation energy

for eac h inciden t energy (ab out 1-2 A MeV at half maxi-

m um of the distribution). This is closer to a micro canoni-

cal w orking ensem ble and ma y prev en t a v ery clear obser-

v ation of bimo dalit y .

2.3 Quasi-p rojectiles in p eripheral collisions

Analyses of quasi-pro jectiles formed in p eripheral and semi-

p eripheral reactions are th us mandatory , as they allo w to

o v ercome some of the ab o v emen tioned problems. In par-

ticular a broad excitation energy distribution of quasi-

pro jectiles (QP) can b e accessed. Exc hanges of energy and

particles with the quasi-target (QT), while it lies in the

neigh b ourho o d of the QP and esp ecially when it is hea vy ,

mimic k a small heat bath and an almost canonical sorting

can b e en visaged. Whenev er the inciden t energy is high

enough, the di�eren t comp onen ts (the QT and the QP ,

and the pre-equilibrium or nec k part) can b e b etter dis-

en tangled, or at least the uncertain ties caused b y their

existence can b e circum v en ted.

Most of the studies on quasi-pro jectiles arise from of

Au on Au collisions at v arious energies. Extensiv e results

concerning a v ery ligh t n ucleus, close to Argon w ere also

recen tly prop osed. Sev eral v ariables are used for sorting

ev en ts as a function of the violence of the collisions; among

the most commonly emplo y ed one can cite m ultiplicities

and the transv erse energy (relativ e to the b eam axis) of

c harged pro ducts, either all of them or only ligh t c harged

particles ( Z = 1 ; 2) [20{23]. Other sorting are based on

Z

bound

(the sum of c harges for fragmen ts, Z > 2), as pro-

p osed b y the ALADIN collab oration [24], or on the exci-

tation energy (NIMR OD coll.) [25].

2.3.1 Au quasi-p rojectiles at relativistic energies

Fig. 9. Z

bound

(top) and c harge asymmetry distributions (b ot-

tom) for the Au+Au system at 1A GeV. The b ottom panel cor-

resp onds to the Z

bound

selection displa y ed b y the highligh ted

area in the top panel. T ak en from [26].
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Fig. 10. Correlation b et w een the largest c harge (Z

max

) and the second largest (Z

2 ndmax

) for the QP in p eripheral Ar+Ni

collisions at 47 A MeV. P anels from Exc1 to Exc9 corresp ond to a selection in increasing excitation energy (see text). T ak en

from [25].

The ALADIN collab oration rep orted the presence of

bimo dalit y for p eripheral Au+Au reactions at 1 A GeV [26].

Fig. 9 sho ws the Z

bound

distribution (top panel) where

is highligh ted the selected region, Z

bound

= 53 � 55, for

whic h w as dra wn the c harge asymmetry b et w een the three

largest fragmen ts

Z

1

� Z

2

� Z

3

(3)

in the b ottom panel. The c harge asymmetry exhibits t w o

comp onen ts, the �rst one cen tered at lo w v alues (close to

0), whic h is asso ciated to m ultifragmen tation ev en ts, and

the second one lo cated at v alues around 40, whic h is more

lik ely due to an ev ap oration residue of c harge Z close to

Z

bound

. It is w orth sa ying that a p ercolation sim ulation

w as able to repro duce this bimo dalit y in the c harge asym-

metry at the transition p oin t. In this case, this is a second

order phase transition. This p oin t will b e discussed in the

\p ending questions\ section.

2.3.2 A smaller system with mass � 40

In a v ery complete analysis, Ma et al [25] scrutinized data

collected with the NIMR OD arra y . They w ere able to re-

construct, from their emitted particles and fragmen ts, the

quasi-pro jectiles formed in 47 A MeV Ar+Al,Ti,Ni colli-

sions. The metho d used consisted in tagging the particles

with the help of a three mo ving source �t (QP , QT and

mid-rapidit y) and then attributing to eac h of them, ev en t

p er ev en t, a probabilit y to b e emitted b y one of these

sources. Completeness of quasi-pro jectiles, ( Z

QP

� 12),

from semi-p eripheral collisions w as further required; QP

excitation energy w as determined using the energy bal-

ance equation. The distributions of excitation energy so

obtained for the three targets sup erimp ose, sho wing that

the QP excitation energy calculation is under con trol.

Plots of the c harge of the second largest fragmen t vs.

the largest one are sho wn in �g. 10. As for hea vier sys-

tems, the top ology ev olv es from residue-ev ap oration to

m ultifragmen tation with increasing excitation energy . An

equipartition of ev en ts b et w een t w o top ologies is observ ed

for E

�

= A =5.5 MeV, where at the same time 
uctuations

on the size of the largest fragmen t are the largest, the

p o w er-la w exp onen t for the c harge distribution is mini-

m um, and scaling la ws are presen t. Here again, bimo dalit y

is observ ed at the same time as other p ossible indicators

of a phase transition.

2.3.3 T o w a rd a canonical event so rting?

In the previous cases the sorting for p eripheral reactions

uses prop erties of the studied source itself (here the QP)

and is then probably more akin to a micro canonical than a

canonical sorting. Indeed the bimo dal c haracter of the dis-

tribution is not v ery mark ed, as exp ected if the exp erimen-

tal sorting constrains strongly the excitation energy [27].

T o attempt a true canonical sorting one m ust discriminate

the studied system from some heat bath. A �rst ten tativ e

in that aim w as the study of Au quasi-pro jectiles through

a sorting p erformed on the transv erse energy of the par-

ticles of the Au quasi-target (as the system is symmetric,

this amoun ts to particles emitted bac kw ard in the c.m.).

This sorting is illustrated b y the results presen ted here-

after.
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Fig. 11. Correlation b et w een the c harge of the largest frag-

men t (Z

1

) and the c harge asymmetry (asym

12

) b et w een the

t w o largest fragmen ts for p eripheral ev en ts of the Au+Au

system at 35A MeV. The panels corresp ond to a selection

in increasing transv erse energy of particles coming from the

QT side from top left to b ottom righ t. T ak en from [28].

Fig. 12. Same as for �g. 11 but for Au+Au at 80A MeV.

The panels corresp onds to the same cuts in QT transv erse

energy . T ak en from [29].

2.3.4 Au-lik e nuclei in a "canonical" so rting

Au quasi-pro jectiles from Au+Au collisions at v arious in-

ciden t energies w ere widely studied. Tw o examples are

giv en here, at 35 A MeV - results from the MUL TICS-

MINIBALL collab oration [28] - and at 80 A MeV, data

from the INDRA/ALADIN collab oration [29]. In b oth cases

data w ere sorted v ersus the transv erse energy of the QT

ligh t c harged particles. The c harge of the largest fragmen t

in eac h ev en t is plotted in �gs 11,12 v ersus the c harge

asymmetry of the t w o largest fragmen ts,

( Z

1

� Z

2

) = ( Z

1

+ Z

2

) : (4)

Whatev er the inciden t energy the picture ev olv es from

an ev ap oration residue to a m ultifragmen tation con�gu-

ration, passing through a zone where the t w o top ologies

co exist, separated b y a neat minim um; in this zone (last

one at 35 A MeV, third one at 80 A MeV) the distributions

presen t a bimo dal b eha viour. Note that the bimo dal c har-

acter is not v ery strong when one pro jects the bidimen-

sional �gures on either Z

max

or on the asymmetry . This

is attributed in [29] to the presence of preequilibrium ef-

fects, and some remaining aligned momen tum whic h tend

to shallo w the minim um of a bimo dal distribution.

3 Bimo dalit y in mo dels

Di�eren t statistical as w ell as dynamical mo dels explicitely

or implicitely con tain a phase transition. They predict the

o ccurrence of bimo dal distributions for selected v ariables

around some transition energy . Examples are giv en in this

section.

3.1 SMM: Statistical Multifragmentation Mo del

Buyuk cizmeci, Ogul and Botvina [30] analyzed SMM sim-

ulations for hea vy n uclei of v arious sizes, with excitation

energy ranging from 2 to 20 MeV/n ucleon. They found

that all n uclei exhibit the same caloric curv e, depicted in

the top panel of Fig. 12, with the w ell-kno wn \plateau"

b et w een 4 and 7 MeV/n ucleon (note in passing that the

common temp erature at plateau whatev er the mass of the

considered n ucleus is in con tradiction with the exp erimen-

tal results analyzed in ref [31]). In the same energy in terv al

as the plateau, the 
uctuations of A

max

(not sho wn) and

of the temp erature (panel (b) of the �gure) are maxim um.

The authors sorted the ev en ts follo wing the size of the

largest fragmen t, A

max

. They de�ned t w o ev en t classes,

one with A

max

� 2 A

0

= 3, represen tativ e of the residue-

ev ap oration c hannel and the other one with A

max

� A

0

= 3,

c haracterizing m ultifragmen tation ev en ts - A

0

b eing the

total system size. P anel (c) of �g. 13 sho ws that the prob-

abilit y of the �rst group decreases rapidly in the exci-

tation energy range 2-6 MeV/n ucleon, while that of the

second one increases. The temp eratures T asso ciated to

eac h class are di�eren t, as app ears on the related caloric

curv es: the residue-ev ap oration class sho ws a F ermi-gas

b eha viour (prop ortional to T -squared) while the m ulti-

fragmen tation class is asso ciated to a classical gas (linear
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Fig. 13. T emp erature a v erage v alue (a) and v ariance (b), prob-

abilit y of ev en ts selected on A

max

(c) and a v erage temp erature

for these ev en ts (d) v ersus E

�

for Kr, La, Sn and Au n uclei

( SMM sim ulations). T ak en from [30].

in T ). The com bination of these t w o b eha viours giv es rise

to the plateau zone in the total caloric curv e and explains

the in
exion p oin t of this curv e. One is th us dealing with

a direct bimo dal b eha viour, with t w o excitation energies

asso ciated with one temp erature in the transition region.

This b eha viour is an in trinsic feature of the phase space

p opulation in the SMM .

3.2 CMD: Classical Molecula r Dynamics

Signals of phase transition w ere searc hed for in dynamical

mo dels. A simple example is a classical molecular dynam-

ics mo del with a Lennard-Jones p oten tial implemen ted

b y Cussol [32]. With suc h a p oten tial, analogous to the

v an der W aals in teraction for 
uids, the mo del includes

a liquid-gas phase transition. Symmetric collisions of LJ

droplets with sizes of 50 + 50 and 100 + 100 are analyzed.

Systems w ere prepared in three di�eren t conditions:

{ cen tral collisions (small impact parameters),

{ p eripheral collisions (all impact parameters but lo ok-

ing at the forw ard zone, "quasi-pro jectiles"),

{ "thermalized" systems (particles are placed in a b o x of

v olume V =V

0

= 8 and released after a time su�cien t

to reac h thermal equilibrium).

Tw o v ariables w ere scrutinized, the size asymmetry b e-

t w een the t w o largest fragmen ts, � (eq. 4), and the mass

correlation b et w een these same fragmen ts [33]. The re-

sults, for systems comprising 100 droplets, are presen ted

in �g. 14 (top: cen tral collisions, middle: quasi-pro jectiles

and b ottom: thermalized system). Excitation energies are

expressed in ESU, ratio b et w een the excitation energy p er

particle and the binding energy of the least b ound particle.

Fig. 14. Mass correlation b et w een the t w o largest fragmen ts

(left) and mass asymmetry , � , as a function of the excitation

energy (righ t), for collisions of LJ droplets. The top panel is

asso ciated to cen tral collisions; the middle to p eripheral ones

and the b ottom panel to "thermalized" systems (see text) [33].

Bimo dalit y - the o ccurrence of t w o fragmen tation pat-

terns in a giv en energy zone - is presen t in all situations,

but at di�eren t excitation energies: 1 E S U for cen tral col-

lisions, 1 : 5 E S U for quasi-pro jectiles, and � 1 : 8 E S U for

the thermalized system. It is ho w ev er w orth to men tion
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that if the thermalized systems is prepared at higher den-

sities ( � / �

0

= 1 � 1 : 5) the transition b et w een the fragmen-

tation patterns also o ccurs but at lo w er excitation energy ,

namely < 1 E S U [33]. Cussol attributes the di�erences

in the transition energy to the lac k of complete thermal-

ization of an y source pro duced in n uclear collisions, what-

ev er the impact parameter. One can con v ersely argue that

this study pro v es that bimo dalit y is a robust signature of

phase transition, as it surviv es ev en if the system is not

fully thermalized, although the apparen t transition energy

is displaced. This p oin t will b e dev elop ed later.

3.3 HIPSE: Heavy Ion Phase Space Explo ration

The Hea vy Ion Phase Space Exploration mo del HIPSE

comprises a full (classical) treatmen t of the en trance c han-

nel (n ucleus-n ucleus p oten tial, NN collisions). It is fol-

lo w ed b y a random sampling of n ucleons in the partic-

ipan t zone from Thomas-F ermi distributions of the t w o

colliding n uclei to form fragmen ts in the dense zone [35].

Excitation energy is shared among all pro ducts, taking

in to accoun t the total energy constrain t. Finally a statis-

tical de-excitation ( SIMON co de [34]) of the fragmen ts,

including QP and QT - if they are still presen t - is p er-

formed.

Sim ulations w ere done for all impact parameters, to

mimic k a real 50 A MeV Xe+Sn exp erimen t, then the

same analysis as in [29] w as p erformed b y Lop ez et al [36];

a bimo dal structure w as observ ed in the correlation b e-

t w een Z

max

and the c harge asymmetry of the t w o largest

fragmen ts (eq. 4). In a mo del ho w ev er one can go fur-

ther and trac k the origin of the bimo dal b eha viour: is it

due to the en trance c hannel (dynamical e�ect) or to the

de-excitation step? The �rst h yp othesis w as ruled out, as

no discon tin uit y w as found in the ev olution of the size

of the hot largest fragmen t with the impact parameter:

the bimo dalit y w as clearly attributed to the statistical de-

excitation of the QP . A deep er analysis of the de-excitation

stage w as then ac hiev ed through the sim ulated statistical

de-excitation of Xenon n uclei of di�eren t excitation ener-

gies and spins with the SIMON co de [34]. This is depicted

in �g 15, where the distributions of the asymmetry v ari-

able (eq. 4) are plotted for sev eral initial conditions. In-

creasing the excitation energy do es decrease the a v erage

c harge asymmetry , but nev er do wn to the small v alues

observ ed in the data. Con v ersely , if more spin is giv en

to the n ucleus, the asymmetry v ariable displa ys a sharp

transition around 60 � 70� h , whic h corresp onds indeed to

the angular momen tum for whic h the symmetric �ssion

barrier v anishes.

The authors of [36] conclude that, in the HIPSE mo del,

the observ ed bimo dalit y found its origin in the spin rather

than in the excitation energy transferred to the QP , b eing

still a phase transition but not of the liquid-gas t yp e. It

is w orth men tioning that using the SMM mo del for the

de-excitation stage, the authors also observ e bimo dalit y in

the size of the largest fragmen t. This is not surprising in

view of the ab o v emen tioned study with the SMM . Ho w-

ev er, this raises the imp ortan t issue - still under debate -

Fig. 15. Charge asymmetry distributions resulting from the

de-excitation of hot Sn n uclei with di�eren t initial excitation

energies (columns) and spin (ro ws), with the SIMON co de.

T ak en from [36].

of the order parameters (and then the t yp e of the phase

transition) whic h go v ern the bimo dalit y . This p oin t will

b e discussed in the p ersp ectiv es.

4 P ending questions

As seen in the previous sections, bimo dalit y is a v ery com-

mon feature in n uclear collisions at in termediate energies.

It is presen t in cen tral as w ell as in p eripheral collisions.

It tak es place for a large range of masses A=40-200 . It

w as ho w ev er men tioned in the course of the text that it

is exp erimen tally di�cult to isolate a source, b ecause of

dynamical e�ects leading to a mixture of pre-equilibrium

pro ducts and of QP/QT de-excitation particles. Ev en if a

source can b e prop erly de�ned, one has to v erify its degree

of thermalisation. Indeed radial 
o w w as found, particu-

larly in cen tral collisions, and transparency e�ects w ere

also evidenced [37]. It seems ho w ev er from b oth exp eri-

men tal [29] and theoretical [36] studies that bimo dalit y is

not mainly driv en b y dynamical e�ects. Am biguities re-

main in the t yp e of phase transition observ ed, and conse-

quen tly on the de�nition of a true order parameter. Some

of these questions w ere addressed recen tly and are pre-

sen ted in the follo wing.
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T able 1. W orld-wide exp erimen tal results on bimo dalit y in

July 2005. .

Results Reaction Source Bimo dal

from cen tralit y size v ariable

INDRA Cen tral � 200 Z

1

� Z

2

(eq. 1, 4)

INDRA Cen tral � 200 Z

liq

� Z

g as

(eq. 2)

INDRA Cen tral � 100 Z

max

INDRA P eripheral 160-180 Z

1

� Z

2

(eq. 4)

MUL TICS/

MINIBALL

P eripheral � 180 Z

1

� Z

2

(eq. 4)

ALADIN P eripheral � 130 Z

1

� Z

2

� Z

3

(eq. 3)

NIMR OD P eripheral 24-40 Z

liq

� Z

g as

T able 1 gathers all exp erimen tal results on bimo dal-

it y found so far. A glance at the table indicates that bi-

mo dalit y w as essen tially found in c harge asymmetry v ari-

ables comprising the t w o or three largest fragmen ts of

eac h ev en t. Suc h v ariables can in some sense b e related

to densit y di�erence b et w een a dense (liquid) and a di-

lute (gas) phase; in some mo dels for instance the Fisher

droplet mo del, the largest fragmen t is assimilated to the

liquid while all the other form the gas.

4.1 Are Z

max

, A

max

, o r the asymmetry o rder

pa rameters?

Sim ulations w ere p erformed in di�eren t framew orks to test

whether these observ ables reliably sign a phase transition.

Let us recall that a bimo dalit y of an order parameter signs

the o ccurrence of a �rst order phase transition in a �-

nite system. Fig. 16 sho ws the outcomes of three sim u-

lations in the transition region - when it exists; there is

no phase transition in the Random P artitions calculation,

while p ercolation has a second order transition and Lat-

tice Gas a �rst order one [38]. The distributions of the

largest fragmen t A

max

evidence that A

max

only presen ts

a bimo dal distribution for the canonical Lattice-Gas cal-

culation. This means that A

max

is indeed an order param-

eter of the �rst order phase transition of the Lattice Gas.

The distribution presen ts a wide plateau, as exp ected, in

the case of a con tin uous transition (p ercolation). By con-

trast, the mass asymmetry , A

asy

, de�ned in a similar w a y

as the c harge asymmetry eq. 4, also displa ys a bimo dalit y

(although with a less mark ed minim um) for sim ulations

whic h ha v e a 2

nd

order phase transition (p ercolation, mid-

dle column). The conclusion of this study is that b oth

A

max

and A

asy

clearly signal a phase transition - note

that none of them presen ts bimo dalit y in a mo del with-

out phase transition - but A

max

is the only unam biguous

signature of the order of the transition.

4.2 Order pa rameters of the liquid-gas phase transition

If n uclei undergo a liquid-gas t yp e phase transition, then

the order parameters are kno wn: the energy , the v olume.

In some of the exp erimen tal studies cited ab o v e, the au-

thors try to push the analysis b ey ond the single obser-

v ation of bimo dalit y on the asymmetry v ariable. As a

Fig. 16. Largest fragmen t A

max

(top) and mass asymme-

try A

asy

(b ottom) distributions for three sim ulations. Left:

random partitions (no phase transition), middle: p ercolation

(2

nd

order phase transition) and righ t: canonical Lattice-Gas

(1

st

order phase transition). T ak en from [38].

�rst attempt, in cen tral collisions b et w een Ni and Au at

52 A MeV [9], the excitation energies (exp erimen tally de-

duced from the energy balance equation) asso ciated to

the t w o fragmen tation patterns w ere found sligh tly di�er-

en t (b y 1 A MeV) [39]. This bimo dalit y of the excitation

energy is an indication in fa v our of the liquid-gas t yp e of

the phase transition observ ed.

Fig. 17. Apparen t temp eratures of Au quasi-pro jectiles as

a function of the normalized transv erse energy for residue

(�lled sym b ols) and m ultifragmen tation ev en ts (op en sym b ols).

T ak en from [29].

Studies of Au quasi-pro jectiles w ere deep ened b y the

authors of ref. [29]: a test of the reliabilit y of the canonical

picture w as accomplished b y estimating the apparen t tem-
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p eratures of the t w o t yp es of ev en ts, from the slop e of the

emitted proton sp ectra for residue-lik e ev en ts, and from

double isostop e ratios in the m ultifragmen tation regime.

As seen in �g. 17 b oth temp eratures are close enough

in the region where bimo dalit y is presen t (Etrans = 0.8-

1.2 A MeV), while the excitation energies, calculated with

the energy balance equation, are di�eren t. This is exp ected

if bimo dalit y has a thermal origin and v alidates the sorting

as close to a canonical one.

4.3 Do es bimo dalit y survive out-of-equilib rium e�ects?

The in
uence of non equilibrium e�ects on signals of phase

transition w as studied in [40] in the case of incompletely

relaxed incoming momen tum (transparency) and of self-

similar radial 
o w. Both e�ects w ere indeed recognized in

exp erimen tal data. Fig. 18 displa ys results of a (canonical)

Lattice-Gas sim ulations with di�eren t radial 
o w energies;

Fig. 18. Canonical Lattice-Gas sim ulations for di�eren t tem-

p eratures T around the critical one T

c

=0.68 " for the distri-

butions of the largest fragmen t. Sim ulations are p erformed b y

adding an extra radial 
o w energy � p

2

=p

2

b et w een 0 and 1.

T ak en from [1].

�p

2

=p

2

is equiv alen t to the ratio "

f low

="

th

and is v ar-

ied from 0 to 1. A t the transition temp erature, T=0.68 " , a

bimo dalit y of A

max

is clearly seen in the absence of 
o w,

and is still visible ev en when the 
o w energy is as imp or-

tan t as the thermal energy (top righ t panel). The authors

state th us that radial 
o w do es disturb the signal, partially

�lling the gap b et w een the t w o comp onen ts, but do es not

destro y it as long as the 
o w do es not dominate the global

energetics. Similar conclusions w ere dra wn in this pap er

in presence of longitudinal 
o w (transparency e�ects).

These t w o examples illustrate the robustness of bi-

mo dalit y v ersus external (and realistic) constrain ts due

to the dynamics of the collision; similar conclusions can

also b e deriv ed from CMD sim ulations (see ab o v e).

In exp erimen tal data on Au quasi-pro jectiles [29], re-

�ned treatmen ts aiming at b etter isolating quasi-pro jectiles

from the mid-rapidit y con tribution and k eeping only ev en ts

where this con tribution w as smaller w ere tempted. In all

cases the bimo dal picture comes out b etter, although it

o ccurs for a lo w er v alue of the sorting v ariable (smaller

dissipation), for a giv en inciden t energy . This is again

an evidence of the robustness of bimo dalit y against non-

equilibrium e�ects.

5 P ersp ectives

Bimo dalit y is a v ery promising signature of �rst order

phase transition b ecause of its simplicit y and robustness

against dynamical constrain ts. It w as sho wn in this con-

tribution that the signal is quite common for the deca y of

hot n uclei and can b e observ ed in rather di�eren t exp eri-

men tal conditions (cen tral / p eripheral collisions, small /

large source sizes).

Nev ertheless, some op en questions need to b e answ ered

in order to �rmly assess the v alidit y of this signal. Sev eral

strategies can b e en visaged in order to progress in this

direction:

{ cross the observ ation of the bimo dalit y signal with that

of all the other prop osed signals for the phase transi-

tion suc h as critical exp onen ts, scalings (Delta-scaling,

Fisher scaling, Zipf la w), negativ e heat capacities, or

space-time correlations (emission times and correlation

functions). Ob viously , when p ossible, all signals should

b e studied on the same sample of ev en ts to minimise bi-

ases due to sorting. Suc h cross con trols w ere started b y

the INDRA [41] and NIMR OD [25] collab orations. One

m ust solv e ho w ev er the problem of the non-equiv alence

of statistical ensem bles in some cases.

{ test the e�ect of sorting. Indeed di�eren t w a ys of sort-

ing w ere prop osed (impact parameter selectors, com-

pact shap e ev en ts, source selection). The robustness of

an y signal will b e established if its observ ation is not

drastically dep enden t on the c hosen sorting for a giv en

cen tralit y for instance.

{ compare the results of di�eren t en trance c hannels for

n uclear collisions; b y using asymmetrical reactions suc h

as ligh t ions impinging on hea vy targets, or n ucleon/pion-

n ucleus reactions, one ma y hop e to disen tangle the dif-

feren t e�ects whic h could p ossibly go v ern bimo dalit y .

By using these v ery di�eren t en trance c hannels reac-

tions, the pre-equilibrium / nec k con tributions can b e

ev aluated and ev en substracted. Moreo v er, the e�ects

of large collectiv e motions suc h as radial 
o w (for cen-

tral collisions) or spin (angular momen tum transfer in

semi-p eripheral reactions) can also b e measured. It will

p ossibly help to answ er to the fundamen tal question

of the t yp e of phase transition whic h is exp erienced b y

hot n uclei.
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