
EPJ manuscript No.
(will be inserted by the editor)

Nuclear multifragmentation,

Its relation to general physics

A rich test-ground of the fundamentals of statistical mechanics.�

D.H.E. Gross

1 Hahn-Meitner Institute Glienickerstr. 100

14109 Berlin, Germany

gross@hmi.de; http://www.hmi.de/people/gross/

2 Freie Universität Berlin, Fachbereich Physik.

Received: date / Revised version: date

Abstract. Heat can flow from cold to hot at any phase separation, even in macroscopic systems. Therefore

also Lynden-Bell’s famous gravo-thermal catastrophe [1] must be reconsidered. In contrast to traditional

canonical Boltzmann-Gibbs statistics this is correctly described only by microcanonical statistics. Systems

studied in chemical thermodynamics (ChTh) by using canonical statistics consist of several homogeneous

macroscopic phases cf. [2]. Evidently, macroscopic statistics as in Chemistry cannot and should not be

applied to non-extensive or inhomogeneous systems like nuclei or galaxies. Nuclei are small and inhomo-

geneous. Multi-fragmented nuclei are even more inhomogeneous and the fragments even smaller. Taking

this serious, fascinating perspectives open for statistical nuclear fragmentation as test ground for the basic

principles of statistical mechanics, especially of phase transitions, and without the use of the thermody-

namic limit. Moreover, there is a lot of similarity between the accessible phase space of fragmenting nuclei

and inhomogeneous multi stellar systems.

PACS. 0 1.55.+b – 0 4.40.-b – 0 5.20.Gg – 2 5.70.Pq – 6 4.60.-i – 6 5.40.Gr – 9 7.80.-d
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1 Introduction

In 1981 Randrup and Koonin [3] proposed the statistical

(grand-canonical) decay of an excited nucleus into several

light fragments. As the grand-canonical ensemble fixes the

mean mass by an intensive control parameter, the chem-

ical potential µ, but has no information about the total

mass Mt of the decaying nucleus, this works only for frag-

ment masses Mi � Mt. This touches already the central

point of the discussion to follow, the difference between in-

tensive parameters (fields) used in canonical statistics in

contrast to the mechanical extensive control parameters

used in microcanonical statistics.

The statistical multifragmentation of a hot nucleus si-

multaneously into larger fragments was introduced by [4,

5]. Of course the finiteness of the total mass and charge

is then crucial. Meanwhile statistical multifragmentation

developed to a powerful and successful description even of

sophisticated correlations seen in nuclear multifragmen-

tation, c.f. also [6–9]. A presentation of its far-reaching

implications for the fundamental understanding of Statis-

tical Mechanics in general is now demanding.

Here I will give mainly the motivation. In section [Fun-

damentals ...] I address the general basis of statistical me-

chanics without invoking the thermodynamic limit. Then

I give the physical definition of entropy S, I show how

phase-separation is necessarily linked to convexities of S(E)

and negative heat capacities. In section [Statistical Frag-

mentation] I present shortly the application to three char-

acteristic phenomena: Nuclear multifragmentation, the frag-

mentation of small atomic clusters and finally the frag-

mentation of stellar objects under large angular-momentum.

In the subsection [Nuclear fragmentation] I only dis-

cuss the implications of the new formalism for statistical

nuclear fragmentation. In this presentation of the “World

Consensus Initiative” (WCI) there will be many contri-

butions that compare detailed experimental data to the

predictions of the different models for statistical multifrag-

mentation of hot nuclei. Here I will put the new statistics

of nuclear multifragmentation into a more general per-

spective: I show how, similar to nuclear fragmentation,

also atomic clusters fragment with rising excitation into

more and more medium sized fragments. In close similar-

ity to nuclear multifragmentation also the accessible phase

space of self-gravitating astro-physical systems splits un-

der rising energy and/or angular momentum into various

inhomogeneous phases of single stars, rotating multi-star

systems, and sometimes even more exotic configurations

as ring systems and others.

2 Fundamentals of thermo-statistics without

thermodynamic limit

Since the beginning of Thermodynamics in the first half

of the 19.century its original motivation was the descrip-

tion of steam engines and the liquid to gas transition of

water. Here water becomes inhomogeneous and develops

a separation of the gas phase from the liquid, i.e. water

boils. Thus phase-separation were in the focus some 170

years ago. Every child realizes phase-separation by the
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inter-phase surface. It is an irony of the history of sta-

tistical mechanics that phase transitions of first order are

to be realized by the academic construct of a Lee-Yang

singularity.

A little later statistical mechanics was proposed by

Boltzmann[10] to explain the microscopic mechanical ba-

sis of Thermodynamics. Up to now it is generally be-

lieved that this is given by the Boltzmann-Gibbs canonical

statistics. As traditional canonical statistics works only for

homogeneous, infinite systems, phase separations remain

outside of standard Boltzmann-Gibbs thermo-statistics,

which, consequently, signal phase-transitions of first order

by Yang-Lee singularities.

It is amusing that this fact that is essential for the

original purpose of Thermodynamics to describe steam en-

gines was never treated completely in the past 150 years.

The system must be somewhat artificially split into (still

macroscopic and homogeneous) pieces of each individual

phase [2]. The most interesting configurations like two co-

existing phases cannot be described by a single canoni-

cal ensemble. Important inter-phase fluctuations remain

outside the picture, etc. This is all hidden due to the re-

striction to homogeneous systems in the thermodynamic

limit.

Also the second law can rigorously be formulated only

microcanonically. Already Clausius [11–13] distinguished

between external and internal entropy generating mecha-

nisms. The second law is only related to the latter mecha-

nism [14], the internal entropy generation. Again, canon-

ical Boltzmann-Gibbs statistics is insensitive to this im-

portant difference.

For this purpose, and also to describe small systems

like fragmenting nuclei or non-extensive ones like self-gravi-

tating very large systems, we need a new and deeper def-

inition of statistical mechanics and as the heart of it: of

entropy.

2.1 What is entropy?

Entropy, S, is the characteristic entity of thermodynam-

ics. Its use distinguishes thermodynamics from all other

physics; therefore, its proper understanding is essential.

The understanding of entropy is sometimes obscured by

frequent use of the Boltzmann-Gibbs canonical ensemble,

and the thermodynamic limit. Also its relationship to the

second law is often beset with confusion between external

transfers of entropy deS and its internal production diS.

The main source of the confusion is of course the lack

of a clear microscopic and mechanical understanding of

the fundamental quantities of thermodynamics like heat,

external vs. internal work, temperature, and last not least

entropy, at the times of Clausius and possibly even today.

Clausius [11,12] defined a quantity which he first called

the “value of metamorphosis”, in German “Wert der Ver-

wandlung” in [12]. Eleven years later he [13] gave it the

name “entropy” S:

Sb − Sa =
∫ b

a

dE

T
, (1)

where T is the absolute temperature of the body when

the momentary change is done, and dE is the increment
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(positive resp. negative) of all different forms of energy

(heat and potential) put into resp. taken out of the system.

(Later, however, we will learn that care must be taken of

additional constraints on other control parameters like e.g.

the volume, see below).

From the observation that heat does not flow from cold

to hot (see subsection Zeroth Law) he went on to enunciate

the second law as:

∆S =
∮

dE

T
≥ 0, (2)

which Clausius called the “uncompensated metamorpho-

sis”. As will be worked out later the second law as pre-

sented by eq.(2) remains valid even in cases where heat

(energy) flows during relaxation from low to higher tem-

peratures.

Prigogine [14], c.f. [2], quite clearly stated that the

variation of S with time is determined by two, crucially

different, mechanisms of its changes: the flow of entropy

deS to or from the system under consideration; and its

internal production diS. While the first type of entropy

change deS (that effected by exchange of heat deQ with

its surroundings) can be positive, negative or zero, the sec-

ond type of entropy change diS is fundamentally related

to its spontaneous internal evolution (“Verwandlungen”,

“metamorphosis” [11]) of the system, and states the uni-

versal irreversibility of spontaneous transitions. It can be

only positive or zero in any spontaneous transformation.

Clausius gives an illuminating example in [12]: When

an ideal gas suddenly streams under insulating conditions

from a small vessel with volume V1 into a larger one (V2 >

V1), neither its internal energy U , nor its temperature

changes, nor external work done, but its internal (Boltz-

mann-)entropy Si eq.(3) rises, by ∆S = N ln (V2/V1) .

Only by compressing the gas (e.g. isentropically) and cre-

ating heat ∆E = E1[(V2/V1)2/3−1] (which must be finally

drained) it can be brought back into its initial state. Then,

however, the entropy production in the cycle, as expressed

by integral (2), is positive (= N ln (V2/V1)). This is also a

clear example for a microcanonical situation where the en-

tropy change by an irreversible metamorphosis of the sys-

tem is absolutely internal. It occurs during the first part of

the cycle, the expansion, where there is no heat exchange

with the environment and no work done, and consequently

no contribution to the integral(2). The construction by

eq.(2) is correct though artificial. After completing the

cycle the Boltzmann-entropy of the gas is of course the

same as initially. All this will become much more clear by

Boltzmann’s microscopic definition of entropy, which will

moreover clarify its real statistical nature:

Boltzmann[10] later defined the entropy of an isolated

system (for which the energy exchange with the environ-

ment deQ ≡ 0) in terms of the sum of possible configu-

rations, W , which the system can assume consistent with

its constraints of given energy and volume:

S=k*lnW (3)

as written on Boltzmann’s tomb-stone, with

W (E, N, V ) =
∫

d3N
→
p d3N

→
q

N !(2πh̄)3N
ε0 δ(E − H{→q ,

→
p}) (4)

in semi-classical approximation. E is the total energy, N

is the number of particles and V the volume. Or, more
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appropriate for a finite quantum-mechanical system:

W (E, N, V ) = Tr[PE] (5)

=
∑ all eigenstates n of H with given N,V ,

and E < En ≤ E + ε0

and ε0 ≈ the macroscopic energy resolution. This is still

up to day the deepest, most fundamental, and most sim-

ple definition of entropy. There is no need of the ther-

modynamic limit, no need of concavity, extensivity and

homogeneity. In its semi-classical approximation, eq.(4),

W (E, N, V, · · ·) simply measures the area of the sub-mani-

fold of points in the 6N -dimensional phase-space (Γ -space)

with prescribed energy E, particle number N , volume

V , and some other time invariant constraints which are

here suppressed for simplicity. Because it was Planck who

coined it in this mathematical form, I will call it the

Boltzmann-Planck principle.

The Boltzmann-Planck formula has a simple but deep

physical interpretation: W or S measure our ignorance

about the complete set of initial values for all 6N mi-

croscopic degrees of freedom which are needed to specify

the N -body system unambiguously[15]. To have complete

knowledge of the system we would need to know (within its

semiclassical approximation (4)) the initial positions and

velocities of all N particles in the system, which means we

would need to know a total of 6N values. Then W would

be equal to one and the entropy, S, would be zero. How-

ever, we usually only know the value of a few parameters

that change slowly with time, such as the energy, number

of particles, volume and so on. We generally know very

little about the positions and velocities of the particles.

The manifold of all these points in the 6N -dim. phase

space, consistent with the given macroscopic constraints

of E, N, V, · · ·, is the microcanonical ensemble, which has

a well-defined geometrical size W and, by equation (3),

a non-vanishing entropy, S(E, N, V, · · ·). The dependence

of S(E, N, V, · · ·) on its arguments determines completely

thermostatics and equilibrium thermodynamics.

Clearly, Hamiltonian (Liouvillean) dynamics of the sys-

tem cannot create the missing information about the ini-

tial values - i.e. the entropy S(E, N, V, · · ·) cannot de-

crease. As has been further worked out in [16] and more

recently in [17] the inherent finite resolution of the macro-

scopic description implies an increase of W or S with time

when an external constraint is relaxed. Such is a statement

of the second law of thermodynamics, which requires that

the internal production of entropy be positive or zero for

every spontaneous process. Analysis of the consequences

of the second law by the microcanonical ensemble is ap-

propriate because, in an isolated system (which is the one

relevant for the microcanonical ensemble), the changes in

total entropy must represent the internal production of en-

tropy, see above, and there are no additional uncontrolled

fluctuating energy exchanges with the environment.

2.2 The Zero’th Law in conventional extensive

Thermodynamics

In conventional (extensive) thermodynamics thermal equi-

librium of two systems (1 & 2) is established by bringing

them into thermal contact which allows free energy ex-
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change. Equilibrium is established when the total entropy

S1+2(E, E1) = S1(E1) + S2(E − E1) (6)

is maximal:

dS1+2(E, E1)|E = dS1(E1) + dS2(E − E1) = 0. (7)

Under an energy flux ∆E2→1 from 2 → 1 the total entropy

changes to lowest order in ∆E by

∆S1+2|E = (β1 − β2)∆E2→1 (8)

β = dS/dE =
1
T

. (9)

Consequently, a maximum of Stotal(E = E1+E2, E1)|E ≥

S1+2 will be approached when

sign(∆Stotal) = sign(T2 − T1)sign(∆E2→1) > 0. (10)

From here Clausius’ first formulation of the Second Law

follows: “Heat always flows from hot to cold”. Essential for

this conclusion is the additivity of S under the split (eq.6).

There are no correlations, which are destroyed when an

extensive system is split. Temperature is an appropriate

control parameter for extensive systems.

It is further easy to see that the heat capacity of an

extensive system with

S(E, N) = Ns(e = E/N) = 2S(E/2, N/2)

is necessarily non-negative

CV (E) = ∂E/∂T = − (∂S/∂E)2

∂2S/∂E2
≥ 0 : (11)

The combination two pieces of N/2 particles each, one

at the specific energy ea = e2 − ∆e/2 and a second at

eb = e2 + ∆e/2, must lead to S(E2, N) ≥ S(Ea/2, N/2)+

S(Eb/2, N/2), the simple algebraic sum of the individual

entropies because by combining the two pieces one nor-

mally looses information. This, however, is for extensive

systems equal to [S(Ea, N)+S(Eb, N)]/2, thus S(E2, N) ≥

[S(Ea, N) + S(Eb, N)]/2. I.e. the entropy S(E, N) of an

extensive system is necessarily non-convex, ∂2S/∂E2 ≤ 0

and eq. 11 follows. In the next subsection we will see that

therefore extensive systems cannot have phase transitions

of first order.

2.3 No phase separation, no boiling water, without a

convex, non-extensive S(E)

At phase separation the weight eS(E)−E/T of the config-

urations with energy E in the definition of the canonical

partition sum

Z(T ) =
∫ ∞

0

eS(E)−E/T dE (12)

becomes here bimodal, at the transition temperature it has

two peaks, the liquid and the gas configurations which are

separated in energy by the latent heat. Consequently S(E)

must be convex (∂2S/∂E2 > 0, like y = x2) and the weight

in (12) has a minimum between the two pure phases. Of

course, the minimum can only be seen in the microcanon-

ical ensemble where the energy is controlled and its fluc-

tuations forbidden. Otherwise, the system would fluctuate

between the two pure phases by an, for macroscopic sys-

tems even macroscopic, energy ∆E ∼ Elat ∝ N of the

order of the latent heat. Canonically, phase separations

are unstable, however, not microcanonically, and of course

not in real nature . The heat capacity is

CV (E) = ∂E/∂T = − (∂S/∂E)2

∂2S/∂E2
< 0. (13)
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I.e. the convexity of S(E) and the negative heat capacity

are the generic and necessary signals of phase-separation[18].

It is amusing that this fact that is essential for the orig-

inal purpose of Thermodynamics to describe steam en-

gines and boiling water seems never been really recognized

in the past 150 years. However, such macroscopic energy

fluctuations and the resulting negative specific heat are

already early discussed in high-energy physics by Carlitz

[19].

The existence of the negative heat capacity at phase

separation has a surprising but fundamental consequence:

Combining two systems with negative heat they will relax

with a flow of energy from the lower to the higher tem-

perature! This is consistent with the naive picture of an

energy equilibration. Thus Clausius’ “energy flows always

from hot to cold”, i.e. the dominant control-role of the

temperature in thermo-statistics as emphasized by Hertz

[20] is violated. Of course this shows quite clearly that

unlike to extensive thermodynamics the temperature is not

the appropriate control parameter in non-extensive situa-

tions like e.g. at phase separations, nuclear fragmentation,

or stellar systems.[21]

By the same reason the well known paradox of Antonov

in astro-physics due to the occurrence of negative heat ca-

pacities must be reconsidered: Lynden-Bell [1] uses stan-

dard arguments from extensive thermodynamics that a

system a with negative heat capacity Ca < 0 in gravita-

tional contact with another b with positive heat capacity

Cb > 0 will be unstable: If initially Ta > Tb the hotter

system a transfers energy to the colder b and by this both

become even hotter! If Cb > −Ca, Ta rises faster than

Tb and this will go for ever. This is wrong because just

the opposite happens, the hotter a even absorbs energy

from the colder b and both system come to equilibrium at

the same intermediate temperature c.f. [22,21]. Negative

heat can only occur in the microcanonical ensemble. Tem-

perature is not controlling the direction of energy (heat)

flow when the heat capacity is negative. This is controlled

by entropy according to the second law. Isothermal self-

gravitating systems appear somehow paradox. Moreover,

one cannot argue as for extensive systems S1+2 = S1 +S2

and E1+2 = E1 + E2 as discussed above. There are far

reaching correlations between the two systems due to long-

ranged gravity.

In the thermodynamic limit N → ∞ of a system with

short-range coupling the depth of the convex intruder

∆Ssurf ∼ N2/3, i.e. ∆Ssurf/N = ∆ssurf ∝ N−1/3 must

go to 0 due to van Hove’s theorem. Of course it is only the

specific surface entropy ∆Ssurf/N which disappears. As

phase separation exists also in the thermodynamic limit,

by the same arguments as above, the curvature of S(E) re-

mains convex, ∂2S/(∂E)2 > 0. Consequently, the negative

heat capacity should also be seen in ordinary macroscopic

systems in chemistry!

Searching for example in Guggenheims book [2] one

finds some cryptic notes in §3 that the heat capacity of

steam at saturation is negative. No notice that this is the

generic effect at any phase separation! It is characteris-

tic that nuclear chemists like L. Moretto opposed for long

against the necessity of negative heat at first order phase
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transitions in nuclei c.f. [23] and claimed artificial unphysi-

cal effects to be responsible. Therefore, let me recapitulate

in the next subsection how chemists treat phase separation

of macroscopic systems and then point out why this does

not work in non-extensive systems like fragmenting nu-

clei, at phase separation in normal macroscopic systems,

or large astronomical systems.

2.4 Macroscopic systems in Chemistry

Systems studied in chemical thermodynamics consist of

several homogeneous macroscopic phases α1, α2, · · · cf.[2].

Their mutual equilibrium must be explicitly constructed

from outside.

Each of these phases are assumed to be homogeneous

and macroscopic (in the “thermodynamic limit” (Nα →

∞|ρα=const)). There is no common canonical ensemble for

the entire system of the coexisting phases. Only the canon-

ical ensemble of each phase separately becomes equivalent

in the limit to its microcanonical counterpart.

The canonical partition sum of each phase α is defined

as the Laplace transform of the underlying microcanonical

sum of states W (E)α = eSα(E) [24,25]

Zα(T ) =
∫ ∞

0

eSα(E)−E/TαdE. (14)

The mean canonical energy is

< Eα(Tα) > = − ∂ ln Zα(Tα)/∂βα. (15)

βα =
1
Tα

.

In chemical situations proper the assumption of homoge-

neous macroscopic individual phases is of course accept-

able. In the thermodynamic limit (Nα → ∞|ρα=const) of

a homogeneous phase α, the canonical energy <Eα(Tα)>

becomes identical to the microcanonical energy Eα when

the temperature is determined by

T−1
α = βα =

∂Sα(E, Vα)
∂E

∣∣∣∣
Eα

. (16)

The relative width of the canonical energy is

∆E(T )α =

√
< E2

α >T − < Eα >2
T

< Eα >T
∝ 1√

Nα

. (17)

The heat capacity at constant volume is (care must be

taken about the constraints (!))

Cα|Vα =
∂ < Eα(Tα, Vα) >

∂Tα
(18)

=
< E2

α >Tα − < Eα >2
Tα

T 2
α

≥ 0. (19)

Only in the thermodynamic limit (Nα → ∞|ρα=const)

does the relative energy uncertainty ∆Eα → 0, and the

canonical and the microcanonical ensembles for each ho-

mogeneous phase (α) become equivalent. This equivalence

is the only justification of the canonical ensemble con-

trolled by intensive temperature T , or chemical potential

µ, or pressure P . I do not know of any microscopic foun-

dation of the canonical ensemble and intensive control pa-

rameters apart from the limit. This is also the reason why

e.g. the Clausius-Clapeyron equation as an equation be-

tween intensive variables is not applicable away from the

thermodynamic limit e.g. in nuclei in clear contrast to op-

posite claims by [26].

The positiveness of any canonical CV (T ) or CP (T ) is

of course the reason why the inhomogeneous system of
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several coexisting phases (α1&α2) with an overall negative

heat capacity cannot be described by a single common

canonical distribution [27,18].

This new fundamental interpretation of thermo statis-

tics was introduced to the chemistry community in [28,

21].

2.5 A remark on ”non-equilibrium” thermodynamics of

small sytems

Prigogine quite clearly gives a short introduction into the

logical foundations of non-equilibrium thermodynamics in

the book [29]. The system is assumed to be composed

by small subsystems internally in thermodynamic equi-

librium. Each one is itself macroscopic and homogeneous

that the conventional canonical Boltzmann-Gibbs statis-

tics applies. However, the individual subsystems are not

assumed to be in mutual thermodynamic equilibrium. There

are temperature- and/or pressure-gradients, there may be

a flow of the subsystems etc. Hydrodynamics or heat con-

ductivity are examples. Clearly, this is certainly not pos-

sible in small systems like atomic nuclei or atomic clusters.

Therefore, attempts to transfer macro-thermodynamic con-

cepts like temperature or Gibbs-free energy G(T, P ) to

nano-objects [30] like single biological molecules and the

exploration of Jarzynski’s equalitity [31] must be consid-

ered with reservation. Temperature, and pressure are ill

defined in such small objects [32].

3 Statistical fragmentation

3.1 Nuclear fragmentation

The new lesson to be learned is that if one defines the

phases by individual peaks in eS(E)−E/T in (12), then

there exist also inhomogeneous phases like in fragmented

nuclei or stellar systems. The general concept of thermo-

statistics becomes enormously widened.

However, before applying the microcanonical thermo-

statistics to nuclear collisions a clarification is necessary:

Nuclear collisions are transient phenomena. Thus a theory

of statistical nuclear fragmentation is an approximation to

a dynamical process. This is well known and applies as

well to the old Weisskopf-theory of the statistical decay of

a compound nucleus. The scenario one has in mind is that

the emissions of fragments over the barrier is so slow that

all accessible exit channels are tested. This is the open

phase space at or on top of the exit barrier. In the sta-

tistical fragmentation model MMMC [18] this is taken

care of by sampling all fragments under non-overlapping

conditions inside a “freeze-out” volume corresponding to

∼ 5 × V0 the volume of the nucleus in its groundstate.

The average distance between neighboring fragments is

then about 2fm. Consequently, the asymptotic (Coulomb)

energy of the fragments at infinite separation is irrelevant.

It is not understandable how this could be forgotten in [33]

and again in [26]. The new discovery of nuclear multifrag-

mentation by [5] was the clear recognition that within a

time of � 10−21 sec several medium sized fragments can

cross the decay barrier. This is much shorter than the time
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the fragments need to come out of mutual Coulomb fields,

a fact discussed in detail in chapter 5.2.1 of my book [18].

This crucial aspect is totally ignored in [33,23,26], but

commented in [34](a comment rejected by PRC with the

argument that this is all well known to the community,

sic!).

Now, certainly neither the phase of the whole multi-

fragmented nucleus nor the individual fragments them-

selves can be considered as macroscopic homogeneous phases

in the sense of chemical thermodynamics (ChTh). Con-

sequently, (ChTh) cannot and should not be applied to

fragmenting nuclei and the microcanonical description is

ultimately demanded. This becomes explicitly clear by the

fact that the configurations of a multi-fragmented nucleus

have a negative heat capacity at constant volume CV [35]

and also at constant pressure CP (if at all a pressure can

be associated to nuclear fragmentation [18]).

The existence of well defined and separated peaks (pha-

ses, if distinguished by conserved control parameters) in

the event distribution of nuclear fragmentation data is

demonstrated in [36] from various points of view. This

signal is in a small system like a nucleus by far more so-

phisticated and detailed than the simple jumping from

liquid to gas in traditional macroscopic systems in chem-

istry. A lot more physics about the mechanism of phase

transitions can be learned from such studies. This will be

the topic of the contributions by P. Chomaz, F. Gulminelli

and B.Tamain to the WCI.

Fig. 1. Atomic cluster fragmentation, color online.

3.2 Atomic clusters

As there are several examples for nuclear multi-fragmenta-

tion in this report I will show the analogous development

of the fragmentation of a single charged cluster of 3000

Na-atoms with rising excitation energy from the evap-

oration of a few Na-atoms over multifragmentation into

monomers, dimers up to 10-mers towards finally the total

vaporisation of the original cluster. Notice that this occurs

all within the range of the backbending (i.e. the negative

heat capacity) of the caloric curve.

To compare with usual macroscopic conditions, the

calculations were done at each energy using a volume

V (E) such that the microcanonical pressure P = ∂S
∂V / ∂S

∂E =

1atm. The inserts above give the mass distribution at the

various points. The label ”4:1.295” means 1.295 quadrimers

on average. This gives a detailed insight into what happens

with rising excitation energy over the transition region:

At the beginning (e∗ ∼ 0.442 eV) the liquid sodium drop
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evaporates 329 single atoms and 7.876 dimers and 1.295

quadrimers on average. At energies e ≥∼ 1eV the drop

starts to fragment into several small droplets (”interme-

diate mass fragments”) e.g. at point 3: 2726 monomers,80

dimers,∼5 trimers, ∼15 quadrimers and a few heavier ones

up to 10-mers. The evaporation residue disappears. This

multifragmentation finishes at point 4. It induces the strong

backward swing of the caloric curve T (E). Above point

4 one has a gas of free monomers and at the beginning

a few dimers. This transition scenario has a lot similar-

ity with nuclear multifragmentation. The total interphase

surface area ∝ N
2/3
eff =

∑
i N

2/3
i with Ni ≥ 2 (Ni the

number of atoms in the ith cluster) stays roughly con-

stant up to point 3 even though the number of fragments

(Nfr =
∑

i) rises monotonically. Notice, the caloric curve

between point 1 and 2 looks like Moretto’s “compound nu-

cleus for ever”[37] , though the temperature is higher than

Ttr and the decay is not evaporation for ever. In contrast

to claims in [37] there is considerable multifragmentation.

3.3 Fragmentation of astrophysical systems

The necessity of using “extensive” instead of “intensive”

control parameter is explicit in astrophysical problems.

E.g.: for the description of rotating stars one convention-

ally works at a given temperature and fixed angular veloc-

ity Ω c.f. [38]. Of course in reality there is neither a heat

bath nor a rotating disk. Moreover, the latter scenario is

fundamentally wrong as at the periphery of the disk the

rotational velocity may even become larger than velocity

of light. Non-extensive systems like astro-physical ones do

not allow a “field-theoretical” description controlled by

intensive fields!

−1.0 −0.8 −0.6 −0.4 −0.2 0.0 0.2 0.4
E

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

L

DC

G

SC

Mixed
Phase

Fig. 2. Phase diagram of rotating self-gravitating systems in

the energy-angular-momentum (E, L)-plane [39]. DC: region

of double-stars, G: gas phase, SC: single stars. In the mixed

region one finds various exotic configurations like ring-systems

in coexistence with gas, double stars or single stars. In this

region of phase-separation the heat capacity is negative and

the entropy S(E, L) is convex. The dashed lines E − L = −1

(left) and E = L (right) delimit the region where calculations

were carried out.

E.g. configurations with a maximum of random energy

Erandom = E − ΘΩ2

2
− Epot (20)

and consequently with the largest entropy are the ones

with smallest moment of inertia Θ, compact single stars.

Just the opposite happens when the angular-momentum

L and not the angular velocity Ω are fixed:

Erandom = E − L2

2Θ
− Epot. (21)

Then configurations with large moment of inertia are max-

imizing the phase space and the entropy. I.e. eventually

double or multi stars are produced, as observed in reality.
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In figure 2 one clearly sees the rich and realistic mi-

crocanonical phase-diagram of a rotating gravitating sys-

tem controlled by the “extensive” parameters energy and

angular-momentum. [39]

3.4 Outlook

It is a deep and fascinating aspect of nuclear fragmen-

tation: First, in nuclear fragmentation we can measure

the whole statistical distribution of the ensemble event by

event including eventual inter-phase fluctuations. Not only

their mean values are of physical interest. Statistical Me-

chanics can be explored from its first microscopic prin-

ciples in any detail well away from the thermodynamic

limit. By our studies of nuclear fragmentation we found

[25,27] the very general appearance of a negative heat and

the necessary convexity of the entropy S(E) at any phase

separation which seems to be little known in thermody-

namics. Clausius’ version of the second law “heat always

flows from hot to cold” is in general violated at any phase

separation even in macroscopic systems.

In nuclear fragmentation there may be other conserved

control parameters besides the energy: E.g. in the recent

paper by Lopez et al. [40] a bimodality, may be phase sep-

aration, in the mass-symmetry of the fragments is demon-

strated controlled by the transferred spin and not by exci-

tation energy. This is an interesting, though still theoreti-

cal, example of the rich facets of the fragmentation phase

transition in finite systems which goes beyond the liquid-

gas transition and does not exist in chemistry. Angular

momentum is a very crucial control parameter in stellar

systems.

Second, and this may be more important: For the first

time phase transitions to non-homogeneous phases can be

studied where these phases are within themselves com-

posed of several nuclei. This situation is very much analo-

gous to multi star systems like rotating double stars during

intermediate times, when nuclear burning prevents their

final implosion. The occurrence of negative heat capacities

is an old well known peculiarity of the statistics of self-

gravitating systems [1,41]. Also these cannot be described

by a canonical ensemble. It was shown in [17,22] how

the microcanonical phase space of these self-gravitating

systems has all the realistic configurations which are ob-

served. Of course, the question whether these systems re-

ally fill uniformly this phase space, i.e. whether they are

interim equilibrized or not is not proven by this observa-

tion though it is rather likely.

Microcanonical thermo-statistics is proven to give a re-

alistic, objective picture of a broad scenario of real physi-

cal phenomena, much broader than conventional canonical

thermodynamics.
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20. P. Hertz. Über die mechanische Begründung der Thermo-

dynamik II. Ann. Phys. (Leipzig), 33:537, 1910.

21. D.H.E. Gross and J.F. Kenney. The microcanonical

thermodynamics of finite systems: The microscopic ori-

gin of condensation and phase separations; and the

conditions for heat flow from lower to higher temper-

atures. Journal of Chemical Physics,122:224111,2005;

http://xxx.lanl.gov/abs/cond–mat/0503604.

22. D.H.E. Gross. Classical equilibrium thermostatistics,

”Sancta sanctorum of statistical mechanics”, from nuclei

to stars. Physica A, 340/1-3:76–84, cond–mat/0311418.

23. L. G. Moretto, J. B. Elliot, L. Phair, , and G. J.

Wozniak. Negative heat capacities and first or-



14 D.H.E. Gross: Nuclear multifragmentation, Its relation to general physics

der phase transitions in nuclei. Phys. Rev.C,

66:041601(R),http://arXiv.org/abs/nucl-th/0208024.

24. O. Schapiro, D.H.E. Gross, and A. Ecker. Microcanon-

ical Monte Carlo. In P.J.-S Shiue H. Niederreiter, edi-

tor, First International Conference on Monte Carlo and

Quasi-Monte Carlo Methods in Scientific Computing, vol-

ume 106, pages 346–353, Las Vegas, Nevada, 1995.

25. D.H.E. Gross and M.E. Madjet. Microcanonical vs.

canonical thermodynamics. http://xxx.lanl.gov/abs/cond-

mat/9611192, 1996.

26. L. G. Moretto, J. B. Elliot, L. Phair, , and G. J. Woz-

niak. Reply to Comment on “Negative heat capacities

and first order phase transition in nuclei”. Phys. Rev.C,

69:069802(R), 2004.

27. D.H.E. Gross and M.E. Madjet. Cluster fragmentation,

a laboratory for thermodynamics and phase-transitions in

particular. In Abe, Arai, Lee, and Yabana, editors, Pro-

ceedings of ”Similarities and Differences between Atomic

Nuclei and Clusters”, pages 203–214, Tsukuba, Japan 97,

1997. The American Institute of Physics.

28. D.H.E. Gross. Geometric foundation of thermo-

statistics, phase transitions, second law of thermodynam-

ics, but without thermodynamic limit. PCCP, 4:863–

872,http://arXiv.org/abs/cond–mat/0201235, (2002).

29. P. Glansdorff and I. Prigogine. Thermodynamic Theory of

Structure, Stability and Fluctuations. John Wiley& Sons,

London, 1971.

30. C. Bustamante, J. Liphardt, and F. Ritort. The nonequi-

librium thermodynamics of small systems. Physics Today,

58:43, 2005.

31. C. Jarzynski. Phys. Rev. Lett., 78:2690, 1997.

32. D.H.E. Gross. Exploring temperature at the nano-scale.

Physics World, October:23, (2004).

33. L. G. Moretto, J. B. Elliot, L. Phair, and G. J. Woz-

niak. Negative heat capacities and first order phase

transitions in nuclei and other mesoscopic systems.

http://arXiv.org/abs/nucl-th/0012037, 2000.

34. D.H.E. Gross. Comment on “Negative heat ...” by Moretto

et al. http://arXiv.org/abs/nucl-th/?0012047, 2000).

35. M. D’Agostino et al. Negative heat capacity in the critical

region of nuclear fragmentation: an experimental evidence

of the liquid-gas phase transition. Phys.Lett.B, 473:219–

225, 2000.

36. M.Pichon and the INDRA and ALADIN collaboration.

Bimodality in binary Au + Au collisions from 60 to

100 MeV/u. Proceedings of the XLI Winter Meeting,

Bormio,26 Jan.-1 Feb, page 149, 2003.

37. D.R. Bowman et al. Complex fragment emission at 50

Mev/u - compound nuclei forever. Phys. Lett., B 189:282,

1987.

38. P.H. Chavanis and M. Rieutord. Statistical mechanics

and phase diagrams of rotating self-gravitating fermions.

Astron. Astrophys., 412:1, http://arXiv.org/abs/astro–

ph/0302594, 2003.

39. E.V. Votyakov, H.I. Hidmi, A. De Martino, and D.H.E.

Gross. Microcanonical mean-field thermodynamics of

self-gravitating and rotating systems. Phys.Rev.Lett.,

89:031101–1–4; http://arXiv.org/abs/cond–mat/0202140.

40. O. Lopez, D. Lacroix, and E.Vient. Bimodality

as signal of liquid-gas phase transition in nuclei?

http://arXiv.org/abs/nucl–th/0504027, 2005.

41. W. Thirring. Systems with negative specific heat. Z. f.

Phys., 235:339–352, 1970.


