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Abstract. We discuss exact analytical solutions of a variety of diaismodels recently obtained for finite systems by a
novel powerful mathematical method, the Laplace-Fourarsform. Among them are a constrained version of the statis
multifragmentation model, the Gas of Bags Model and thesHilhd Dales Model of surface partition. Thus, the Laplace-
Fourier transform allows one to study the nuclear matteagqgu of state, the equation of state of hadronic and quar&rgl
matter and surface partitions on the same footing. A cora@agtlysis of the isobaric partition singularities of thesmlels

is done for finite systems. The developed formalism allowdarsthe first time, to exactly define the finite volume analogs
of gaseous, liquid and mixed phases of these models frommtepfinciples of statistical mechanics and demonstrate th
pitfalls of earlier works. The found solutions may be usedtuilding up a new theoretical apparatus to rigorously wtud
phase transitions in finite systems. The strategic direstad future research opened by these exact results areistessied.
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There is always a sufficient amount of facts.

Imagination is what we lack.
D. I. Blokhintsev

|. THEORETICAL DESCRIPTION OF PHASE TRANSITIONS IN FINITES YSTEMS

A rigorous theory of critical phenomena in finite systems wasbuilt up to now. However, the experimental studies
of phase transitions (PTs) in some systems demand the fatimubf such a theory. In particular, the investigations
of the nuclear liquid-gas PT [1, 2, 3] require the developneétheoretical approaches which would allow us to study
the critical phenomena without going into the thermodyralmiit V — oo (V is the volume of the system) because
such a limit does not exist due the long range Coulomb intienracTherefore, there is a great need in the theoretical
approaches which may shed light on the “internal mechanafhbdw the PTs happen in finite systems.

The general situation in the theory of critical phenomendfifate (small) systems is not very optimistic at the
moment because theoretical progress in this field has been klis well known that the mathematical theory of
phase transitions was worked out by T. D. Lee and C. N. YangJ#fortunately, there is no direct generic relation
between the physical observables and zeros of the grandicahpartition in a complex fugacity plane. Therefore,
we know very well what are the gaseous phase and liquid afitmfiolumes: mixture of fragments of all sizes and
ocean, respectively. This is known both for pure phases anthéir mixture, but, despite some limited success [5],
this general approach is not useful for the specific problefgitical phenomena in finite systems (see Sect. VIII
below).

The tremendous complexity of critical phenomena in finitgtegns prevented their systematic and rigorous theoret-
ical study. For instance, even the best formulation of tagstical mechanics and thermodynamics of finite systems by
Hill [6] is not rigorous while discussing PTs. As a resulie thibsence of a well established definition of the liquid and
mixed phase for finite volumes delays the progress of sexeetkd fields, including the theoretical and experimental
searches for the reliable signals of several PTs which grea®d to exist in strongly interacting matter. Therefore,
the task of highest prioritpf the theory of critical phenomenats define the finite volume analogs of phases from
first principles of statistical mechanicsAt present it is unclear whether such definitions can be mada feneral
case, but it turns out that such finite volume definitions caridsmulated for a variety of realistic nonclassical (=
non mean-field) statistical models which are successf@gdun nuclear multifragmentation and in relativistic heav
collsisions.

About 25 years ago, when the theoretical foundations of@aranultifragmentation were established, there was
an illusion that the theoretical basis is simple and cleal; &merefore, we need only the data and models which will



describe them. The analysis of finite volume systems hasprtavbe very difficult. However, there was a clear way
out of troubles by making numerical codes that are able terdesthe data. This is, of course, a common way to
handle such problems and there were many successes acinig¢hiesdway [1, 2, 3, 7]. However, there is another side
of the coin which tells us that our understanding did not gfeamuch since then. This is so because the numerical
simulations of this level do not provide us with any proof. st they just demonstrate something. With time the
number of codes increased, but the common theoretical appravas not developed. This led to a bitter result -
there are many good guesses in the nuclear multifragmentedmmunity, but, unfortunately, little analytical work
to back up these expectations. As a result the absence of ¢hfdonetical ground led to formulation of such highly
speculative “signals” of the nuclear liquid-vapor PT asateg@ heat capacity [8, 9], bimodality [10], which later on
were disproved, in Refs [11] and [12], respectively.

Thus, there is a paradoxic situation: there are many exgatimhdata and facts, but there is no a single theoretical
approach which is able to describe them. Similar to the dearfor quark-gluon plasma (QGP) [13] there is lack of a
firm and rigorous theoretical approach to describe phassitians in finite systems.

However, our understanding of the multifragmentation mmeenon [1, 2, 3] was improved recently, when an exact
analytical solution of a simplified version of the statiatienultifragmentation model (SMM) [14, 15] was found in
Refs. [16, 17]. These analytical results not only allowedaignderstand the important role of the Fisher exponent
T on the phase structure of the nuclear liquid-gas PT and tbpepties of its (tri)critical point, but to calculate
the critical indicesa’, 8, y/, d of the SMM [18] as functions of index. The determination of the simplified SMM
exponents allowed us to show explicitly [18] that, in costri@ expectationshe scaling relations for critical indices
of the SMM differ from the corresponding relations of a welbwn Fisher droplet model (FDM) [19]This exact
analytical solution allowed us to predict a narrow rangeadfigs, 1799< 1 < 1.846, which, in contrast to FDM value
Tepm = 2.16, is consistent with ISiS Collaboration data [20] and E@Baboration data [21]. This finding is not only
of a principal theoretical importance, since it allows oadihd out the universality class of the nuclear liquid-gas
phase transition, if index can be determined from experimental mass distributfdragments, but also it enhanced
a great activity in extracting the value oexponent from the data [22].

It is necessary to stress that such resmitprinciple cannot be obtained either within the widely used mean-filed
approach or numerically. This is the reason why exactlyaul models with phase transitions play a special role
in statistical mechanics - they are the benchmarks of ouerstanding of critical phenomena that occur in more
complicated substances. They are our theoretical lalreaievhere we can study the most fundamental problems of
critical phenomena which cannot be studied elsewherer gheat advantage compared to other methods is that they
provide us with the information obtained directly from thesfiiprinciples of statistical mechanics being unspoiled
by mean-field or other simplifying approximations withoutieh the analytical analysis is usually impossible. On
the other hand an exact analytical solution gives the phygicture of PT, which cannot be obtained by numerical
evaluation. Therefore, one can expect that an extensidreahtact analytical solutions to finite systems may provide
us with the ultimate and reliable experimental signals efriaclear liquid-vapor PT which are established on a firm
theoretical ground of statistical mechanics. This, howegea very difficult general task of the critical phenomena
theory in finite systems.

Fortunately, we do not need to solve this very general tagkidofind its solution for a specific problem of nuclear
liquid-gas PT, which is less complicated and more realidticthis case the straightforward way is to start from
a few statistical models, like FDM and/or SMM, which are sssful in describing the most of the experimental
data. A systematic study of the various modifications of tBb&/Hor finite volumes was performed by Moretto and
collaborators [23] and it led to a discovery of thermal radility of the fragment charge spectra[3], to a determioati
of a quantitative liquid-vapor phase diagram containirggdbexistence line up to critical temperature for smallesyst
[24, 25], to the generalization of the FDM for finite systems & a formulation of the complement concept [26, 27]
which allows one to account for finite size effects of (smiai)iid drop on the properties of its vapor. However, such a
systematic analysis for the SMM was not possible until rédgewhen its finite volume analytical solution was found
in [28].

An invention of a new powerful mathematical method [28], Liaplace-Fourier transform, is a major theoretical
breakthrough in the statistical mechanics of finite systeftise last decade because it allowed us to solve exactly not
only the simplified SMM for finite volumes [28], but also a ety of statistical surface partitions for finite clusters
[29] and to find out their surface entropy and to shed light moarce of the Fisher exponentlt was shown [28]
that for finite volumes the analysis of the grand canonicaligan (GCP) of the simplified SMM is reduced to the
analysis of the simple poles of the corresponding isobaaititpn, obtained as a Laplace-Fourier transform of the
GCP. Such a representation of the GCP allows one not only dw $tom first principles that for finite systems
there exist the complex values of the effective chemicatipiil, but to define the finite volume analogs of phases



straightforwardly. Moreover, this method allows one tolugie into consideration all complicated features of the
interaction (including the Coulomb one) which have beeneaetgd in the simplified SMM because it was originally
formulated for infinite nuclear matter. Consequently, tlelace-Fourier transform method opens a principally new
possibility to study the nuclear liquid-gas phase traositiirectly from the partition of finite system without tagin

its thermodynamic limit. Now this method is also applied][8®the finite volume formulation of the Gas of Bags
Model (GBM) [31] which is used to describe the PT between t#hdrbnic matter and QGP. Thus, the Laplace-Fourier
transform method not only gives an analytical solution feadety of statistical models with PTs in finite volumes,
but provides us with a common framework for several critigaénomena in strongly interacting matter. Therefore,
it turns out that further applications and developmenthf tnethod are very promising and important not only for
the nuclear multifragmentation community, but for sevemhmunities studying PTs in finite systems because this
method may provide them with the firm theoretical foundagiand a common theoretical language.

It is necessary to remember that further progress of thisogmh and its extension to other communities cannot be
successfully achieved without new theoretical ideas afmomtalism it-self and its applications to the data measured
low and high energy nuclear collisions. Both of these remagsential and coherent efforts of two or three theoretical
groups working on the theory of PTs in finite systems, whiatoading to our best knowledge, do not exist at the
moment either in multifragmentation community or elsevehdrhereforethe second task of highest priority is to
attract young and promising theoretical studetdshese theoretical problems and create the necessaryomeanto
solve the up coming problems. Otherwise the negative caresesps of a complete dominance of experimental groups
and numerical codes will never be overcome and a good charmeéltl up a common theoretical apparatus for a few
PTs will be lost forever. If this will be the case, then an esisé part of the nuclear physics associated with nuclear
multifragmentation will have no chance to survive in thetngears.

Therefore, the first necessary step to resolve these tws tdisiighest priority is to formulate the up to day achieve-
ments of the exactly solvable models and to discuss theegirdor their further developments and improvements
along with their possible impact on transport and hydrodyicapproaches. For these reasons the paper is organized
as follows: in Sect. Il we formulate the simplified SMM and geat its analytical solution in thermodynamic limit; in
Sect. Ill we discuss the necessary conditions for PT of goreler and their relation to the singularities of the isobari
partition and apply these findings to the simplified SMM; Sé¢tis devoted to the SMM critical indices as the func-
tions of Fisher exponent and their scaling relations; the Laplace-Fourier tramafanethod is presented in Sect. V
along with an exact analytical solution of the simplified SMMich has a constraint on the size of largest fragment,
whereas the analysis of its isobaric partition singulesitand the meaning of the complex values of free energy are
given in Sect. VI; Sect. VIl and VIl are devoted to the dissios of the case without PT and with it, respectively; at
the end of Sect. VIl there is a discussion of the Chomaz arichiBelli’s approach to bimodality [5]; in Sect. IX we
discuss the finite volume modifications of the Gas of Bagsthieestatistical model describing the PT between hadrons
and QGP, whereas in Sect. X we formulate the Hills and Daledé¥timr the surface partition and present the limit of
the vanishing amplitudes of deformations; and, finally, &ectSXI we discuss the strategy of future research which is
necessary to build up a truly microscopic kinetics of phaseditions in finite systems.

[I. STATISTICAL MULTIFRAGMENTATION IN THERMODYNAMIC LIMI T

The system states in the SMM are specified by the multiplgstg{ny} (nk =0,1,2,...) of k-nucleon fragments. The
partition function of a single fragment withnucleonsis [1]V@(T) =V (mT Ig/27'r)3/2 z ,wherek=1,2 ... A(Ais

the total number of nucleons in the systeandT are, respectively, the volume and the temperature of thersym

is the nucleon mass. The first two factors on the right hana @itl.s.) of the single fragment partition originate from
the non-relativistic thermal motion and the last facgy,represents the intrinsic partition function of tkeucleon
fragment. Therefore, the functiam(T) is a phase space density of the k-nucleon fragmentkFof (nucleon) we
takez; = 4 (4 internal spin-isospin states) and for fragments With1 we use the expression motivated by the liquid
drop model (see details in Ref. [1) = exp(— fx/T), with fragment free energy

fu = —W(T) k+0(T) K3+ (1+3/2)TInk, (1)

withW(T) = W0+T2/£0. HereW, = 16 MeV is the bulk binding energy per nuclec‘fr?./e0 is the contribution of the
excited states taken in the Fermi-gas approximatige-(16 MeV).o(T) is the temperature dependent surface tension
parameterized in the following relatioa(T) = o(T)|smm = Oo[(TZ — T?)/(TZ + T?)]%/4, with 0, = 18 MeV and
Tc=18 MeV (0 =0 atT > T¢). The last contribution in Eg. (1) involves the famous Figherm with dimensionless
parameter.



It is necessary to stress that the SMM parametrization obthitace tension coefficient is not a unique one. For
instance, the FDM successfully employs another oi€)|rpm = 0o[1 — T/T¢]. As we shall see in Sect. IV the
temperature dependence of the surface tension coefficigheivicinity of the critical point will define the critical
indices of the model, but the following mathematical anialgé the SMM is general and is valid for an arbitraryT)
function.

The canonical partition function (CPF) of nuclear fragnsentthe SMM has the following form:

A Nk
g = 5 | AP s sk, @)
o= M

In Eq. (2) the nuclear fragments are treated as point-lijeadd. However, these fragments have non-zero proper
volumes and they should not overlap in the coordinate spadtke excluded volume (Van der Waals) approximation
this is achieved by substituting the total voluidein Eq. (2) by the free (available) volumé =V — b3 kn,
whereb = 1/p, (0o = 0.16 fm—3 is the normal nuclear density). Therefore, the correctel B&comeszZa(V,T) =
Z}f‘ (V —bAT). The SMM defined by Eq. (2) was studied numerically in Refd, [ll5]. This is a simplified version of
the SMM, since the symmetry and Coulomb contributions agganted. However, its investigation appears to be of
principal importance for studies of the nuclear liquid-gasse transition.

The calculation oZa(V,T) is difficult due to the constrairf, kn = A. This difficulty can be partly avoided by
evaluating the grand canonical partition (GCP)

FN,T,u) = Azoexp(#*) ZA(V,T) ©(V —bA) , 3)

wherepu denotes a chemical potential. The calculatior#ofs still rather difficult. The summation ovény} sets inZa
cannot be performed analytically because of additidérdépendence in the free volunde and the restrictiols > 0.
The presence of the theta-function in the GCP (3) guaratie¢®nly configurations with positive value of the free
volume are counted. However, similarly to the delta functiestriction in Eq. (2), it makes again the calculation of
Z(V,T,u) (3) to be rather difficult. This problem was resolved [16, ky]performing the Laplace transformation of
Z(V,T,u). This introduces the so-called isobaric partition funet(t®) [31]:

0 ) , _gf n
P(sT, ) = /0 Ve FNV T = /Odv/ e sV Zﬂ n_t' V'@ e =t
{ng} k )

(u—sbT)k

= /dv/ e sV exp{v/ X2 e—T—} . (4)
0 K=1

After changing the integration variable— V', the constraint o®-function has disappeared. Thenrallwere summed
independently leading to the exponential function. Nowitttegration ovel’ in Eq. (4) can be done resulting in

R 1
QF(S,T,IJ) = T(S,T,H)’ (5)

where

. 2 (W—sbTk] /mT 2 p—sbT\ & . (f1 —sbT)k— ak?/3
J(S,T,u)_kzlqkexp[f}_(ﬁ> lzlexp( T >+|<Z2k exp< )].(6)

T

Here we have introduced the shifted chemical potefitiat ¢ + W(T). From the definition of pressure in the grand
canonical ensemble it follows that, in the thermodynanmittlithe GCP of the system behaves as

In Z(V,T,u) p(T, u)V
—Vv f} : )

An exponentially oveV increasing part ofZ°(V,T,u) in the right-hand side of Eq. (7) generates the rightmost
singularitys* of the functionﬁ?(s,T,u), because fos < p(T,u)/T theV-integral forﬁ?(s,tu) (4) diverges at its
upper limit. Therefore, in the thermodynamic limit,— o the system pressure is defined by this rightmost singujarity
s (T,u), of IP Z(s, T, 1) (4):

= Z(\V,T.u)

p(T,u) =T Jim Nexp[

V—o0

P(T.p) = T s(T,u). 8)
Note that this simple connection of the rightmestingularity of Z, Eqg. (4), to the asymptoti®/ — oo, behavior of

Z, Eq. (7), is a general mathematical property of the Lapleargsform. Due to this property the study of the system
behavior in the thermodynamic limit — co can be reduced to the investigation of the singularitiegof



1. SINGULARITIES OF ISOBARIC PARTITION AND PHASE TRANSIT IONS
The IP, Eq. (4), has two types of singularities: 1) the singake singularity defined by the equation

Sg(TvlJ) = y(sgvTvlJ)v )

2) the singularity of the functior# (s, T, ) it-self at the pointg where the coefficient in linear ovérterms in the
exponent is equal to zero, .
7]

$(T.h) = 75 - (10)
The simple pole singularity corresponds to the gaseouseplibsre pressure is determined by the equation
mT\ %2 p—bpg) & (f1 — bpy)k — ak?/3
Pg(T,. 1) = (—) T [zlexp<7) +Y kTexp . (11)
2n T kZZ T

The singularitys (T, u) of the function (s, T, u) (6) defines the liquid pressure

p(T,u) =Ts(T,u) = 1. (12)

ol

In the considered model the liquid phase is represented tnfiaite fragment, i.e. it corresponds to the macroscopic
population of the single mode= . Here one can see the analogy with the Bose condensatioe Wieemacroscopic
population of a single mode occurs in the momentum space.

In the (T, u)-regions wherelt < bpy(T, 1) the gas phase dominatgs (> p;), while the liquid phase corresponds
to [t > bpy(T, ). The liquid-gas phase transition occurs when two singtigarcoincide, i.esq(T, () = s(T,u). A
schematic view of singular points is shown in Fig. 1laTox T, i.e. wheno > 0. The two-phase coexistence region
is therefore defined by the equation

pl(TvlJ) = pg(Tvu)v i'e'v i:l =b pg(TvlJ) (13)

One can easily see tha (s, T, ) is monotonously decreasing function®fThe necessary condition for the phase
transition is that this function remains finite in its singupoints = fi/Thb:

F(8,T,u) < . (14)

The convergence of# is determined byr and g. At T = 0 the condition (14) requires(T) > 0. Otherwise,
F(s,T, 1) = o and the simple pole singularitsy(T, ) (9) is always the rightmosé-singularity of 2 (4) (see
Fig. 1b). AtT > T, wherea(T)|smm = O, the considered system can exist only in the one-phase #tatill be
shown below that for > 1 the condition (14) can be satisfied evewél ) = 0.

At T < T the system undergoes the 1-st order phase transition abefise u* = u*(T) defined by Eq.(13). Its
explicit form is given by the expression:

3/2 o0 2/3
wT) = - W)+ (Z—D Tb[zwxp(— V@% kzzkrexp<— ok )] . @)

The points on the ling:*(T) correspond to the mixed phase states. First we considea®z e- —1.5 because it is
the standard SMM choice.
The baryonic density is found 48 p/du )t and is given by the following formulae in the liquid and gasgbs

0p|) 1 <5pg> Pid
_ (%) _ 1 = (9Pe) _ , 16
a= (3 =5 om= (3 - T (16)

respectively. Here the functiqey is defined as

32 ~b © [l —bpgk— ok?/3
pid(T,p) = <2—71T-> [zlexp(uT%)+éklrexp<(“ pg_)r g )] (17)
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FIGURE 1. Schematic view of singular points of the Isobaric PartitiBg. (5), atT < T (a) andT > T¢ (b). Full lines show
Z(s,T,u) as a function ofs at fixed T and u, 1 < p» < pz < ps. Dots and asterisks indicate the simple polgg énd the
singularity of function# it-self (§). At uz = u*(T) the two singular points coincide signaling a phase traorsiti
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FIGURE 2. Phase diagram ifi — p plane fort = —1.5 (left), 7 = 1.1 (middle) andr = 2.1 (right). The mixed phase is represented
by the extended region. Liquid phase (shown by crosses)sexiglensityp = po. PointC in the left panel is the critical point,
whereas in the middle panel it is the tricritical point. Fos 2 (right panel) the PT exists for all temperatufies 0.

Due to the condition (13) this expression is simplified in thiged phase:

. 3/2 o 2/3
pTX(T) = mw*a»-@—;) lzlexp(—@) +k;klrexp<—“.kr )] (18)

This formula clearly shows that the bulk (free) energy actiavor of the composite fragments, but the surface term
favors single nucleons.

Since ato > 0 the sum in Eq. (18) converges at anypiq is finite and according to Eq. (1@} < 1/b. Therefore,
the baryonic density has a discontinultp = p — py > 0 across the ling/*(T) (15) for anyt. The discontinuities
take place also for the energy and entropy densities. Theeptiagram of the system in thi&, p)-plane is shown
in the left panel of Fig. 2. The ling*(T) (15) corresponding to the mixed phase states is transfommedhe finite
region in the(T, p)-plane. As usual, in this mixed phase region of the phaseahaghe baryonic density and the
energy density are superpositions of the correspondingjtitesof liquid and gas:

p=Ap + (1-2)pg, eE=2g+(1-2)g. (19)



HereA (0< A < 1) is a fraction of the system volume occupied by the liquglde the mixed phase, and the partial
energy densities fofi = I, g) can be found from the thermodynamic identity [16]:
_ 1 9pi Ipi
‘g'—TaTJ““au pi . (20)

Inside the mixed phase at constant denpityie parametek has a specific temperature dependence shown in the
left panel of Fig. 3: from an approximately constant vaiy@, at smallT the functionA (T) dropsto zero in a narrow
vicinity of the boundary separating the mixed phase and thre gaseous phase. This corresponds to a fast change
of the configurations from the state which is dominated byiafieite liquid fragment to the gaseous multifragment
configurations. It happens inside the mixed phase withaaatitinuities in the thermodynamical functions.

An abrupt decrease of(T) near this boundary causes a strong increase of the energitydes a function of
temperature. This is evident from the middle panel of Fig.8cl shows the caloric curves at different baryonic
densities. One can clearly see a leveling of temperatureetgees per nucleon between 10 and 20 MeV. As a
consequence this leads to a sharp peak in the specific heatipleon at constant density, (T) = (9/9T)p/p ,
presented in Fig. 3. A finite discontinuity o (T) arises at the boundary between the mixed phase and the gaseou
phase. This finite discontinuity is caused by the fact #(@t) = 0, but(dA /dT), # 0 at this boundary (see Fig. 3).

It should be emphasized that the energy density is contsiabthe boundary of the mixed phase and the gaseous
phase, hence the sharpness of the peals iis entirely due to the strong temperature dependende ©j near this
boundary. Moreover, at any < po the maximum value of, remains finite and the peak width @3(T) is honzero
in the thermodynamic limit considered in our study. Thisigontradiction with the expectation of Refs. [14, 15] that
an infinite peak of zero width will appear o} (T) in this limit. Also a comment about the so-called “boilingimd
is appropriate here. This is a discontinuity in the energysttg (T ) or, equivalently, a plateau in the temperature as
a function of the excitation energy. Our analysis showstthattype of behavior indeed happens at constant pressure,
but not at constant density! This is similar to the usualyiebf a liquid-gas phase transition. In Refs. [14, 15] adapi
increase of the energy density as a function of temperatuiigesl p near the boundary of the mixed and gaseous
phases (see the right panel of Fig. 3) was misinterpretedraniestation of the “boiling point”.

New possibilities appear at non-zero values of the parantetét 0 < T < 1 the qualitative picture remains the
same as discussed above, although there are some queatitaihges. Far > 1 the condition (14) is also satisfied at
T > Tc wherea (T)|smm = 0. Therefore, the liquid-gas phase transition extends all temperatures. Its properties
are, however, different for > 2 and fort < 2 (see Fig. 2). Ift > 2 the gas density is always lower thafblas piy
is finite. Therefore, the liquid-gas transition&t> T remains the 1-st order phase transition with discontiesiitif
baryonic density, entropy and energy densities (right piarfeg. 2) .

IV. THE CRITICAL INDICES AND SCALING RELATIONS OF THE SMM

The above results allow one to find the critical exponent$ andy’ of the simplified SMM. These exponents describe
the temperature dependence of the system near the criticdlgn the coexistence curyeg = pu*(T) (13), where the
effective chemical potential vanishes= u*(T) +W(T) —bp(T, u*(T)) =0

e, fore <0,
G { e, fore >0, (21)
prp ~  €P fore >0, (22)
KT~ e*‘/, fore >0, (23)

whereAp = p; — pg defines the order parameteg, = % (%) denotes the specific heat at fixed particle density and
o

KT = % (g—’;)T is the isothermal compressibility. The shape of the ciiiimatherm forp < p; is given by the critical
indexd (the tilde indicategs = 0 hereafter)
Pe—B ~ (pc—P)° fore =0. (24)

The calculation ofx anda’ requires the specific heas. With the formula [34]

c(T,p) 1 (029) (0211)
- - (ZX) —(ZE£ (25)
T p\0T2)/, T2/,
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FIGURE 3. Left panel: Volume fractionA (T) of the liquid inside the mixed phase is shown as a functioreofgerature for
fixed nucleon densities/po = 1/6,1/3,1/2,2/3,5/6 (from bottom to top) and = —1.5.

Middle panel: Temperature as a function of energy density per nucleororicaturve) is shown for fixed nucleon densities
p/po=1/6,1/3,1/2,2/3 andt = —1.5. Note that the shape of the model caloric curves is verylaino the experimental
finding [32], although our estimates for the excitation gyaés somewhat larger due to oversimplified interaction.&quantitative
comparison between the simplified SMM the full SMM interantshould be accounted for.

Right panel: Specific heat per nucleon as a function of temperature at fixetbon density /o, = 1/3. The dashed line shows
the finite discontinuity ot, (T) at the boundary of the mixed and gaseous phases#or-1.5.

one obtains the specific heat on the PT curve by replacingdhitapderivatives by the total ones [35]. The latter
can be done for every state inside or on the boundary of thedrpkase region. For the chemical potentigT) =

bp*(T)—W(T) one getscz’#—T) = (% — b) di;;;g) + dz(\ﬁg). Here the asterisk indicates the condensation line Q)
hereafter. Fixingo = pc = p = 1/bone findsc,, (T) =T dz:j’yrg) and, hence, obtains = o’ = 0. To calculate3, y

ando the behavior of the series .
(<] Vi _ o
Za(e,v) =5 KT eTe K~ AETK (26)
K=2
should be analyzed for small positive valueg@nd—v (A = a,/T¢). In the limite — 0 the functionz4(¢,0) remains
finite, if T > g+ 1, and diverges otherwise. Foe= g+ 1 this divergence is logarithmic. The case g+ 1 is analyzed
in some details, since even in Fisher’s papers it was peddimcorrectly.

1/o
With the substitution z= k [Aez} one can prove [18] that in the limi& — O the series on the r. h.s. of (26)
converges to an integral

%mm:%ﬂ%giﬁfgﬁa[mfﬂlfmﬂ%47 @27)
2[Ael] 3

The assumptiolg — 7 > —1 is sufficient to guarantee the convergence of the integrigéd dower limit. Using this
representation, one finds the following general result$ [18

g%(r_q_l)’ if-[<q_|_:|_7 . \')th_l’ ifT<q+1,
2q(8,0)~ 4 In|e|, ifr=q+1, @and 2q(0,V) ~ ¢ In|v|, ifr=q+1, (28)
€0, if T>q+1. vo, if T>q+1,

which allowed us to find out the critical indices of the SMMdskble 1).
In the special casé = 20 the well-known exponent inequalities proven for real gdses

Fishef36 : a' +28+y > 2, (29)



TABLE 1. Critical exponents of the SMM and FDM as functions of Fisheteix t for the
general parametrization of the surface enemgy)k% — ek with £ = (Te—T)/Te.

a’ a; B y o ‘
SMMfort < 1+0 0 2-% Lo-1) Z(1-3) 2
SMMfort >1+0 0 2-%(o+2-1) S2-1) Z(1-3) It
FDM 2-<(r-1) N/A Lr-2) S3-1 L
Griffiths[37): o' +B(1+8) > 2, (30)
Libermari3g: y+pB(1-06) > 0, (31)

are fulfilled exactly for anyr. (The corresponding exponent inequalities for magnesitesys are often called Rush-
brooke’s, Griffiths’ and Widom'’s inequalities, respectivgFor { > 20, Fisher’s and Griffiths’ exponent inequalities
are fulfilled as inequalities and fdr < 2o they are not fulfilled. The contradiction to Fisher’'s andffBhs’ exponent
inequalities in this last case is not surprising. This is tuihe fact that in the present version of the SMM the critical
isochorep = p; = p lies on the boundary of the mixed phase to the liquid. Theegfim expression (2.13) in Ref.
[36] for the specific heat only the liquid phase contributed,atherefore, Fisher’s proof of Ref. [36] following (2.13)
cannot be applied for the SMM. Thus, the exponentineqgeal{9) and (30) have to be modified for the SMM. Using
results of Table 1, one finds the following scaling relations

a/+23+y/:§ and a’+B(1+5)=§. (32)

Liberman’s exponent inequality (31) is fulfilled exactlyrfany choice off ando.

Since the coexistence curve of the SMM is not symmetric wapect tqo = pc, it is interesting with regard to

the specific heat to consider the differerig (T) = Coy (T) — ¢, (T), following the suggestion of Ref. [35]. Using

Eq. (25) for gas and liquid and noting thatd; — b = 1/p;, one obtains a specially defined indekfrom the most
divergent term fo > 1

T d?p*(T) , 2— %, fr<o+1,
ACH(T) = e’ = Qb = (33)
(1) (T) dT12 ® (c+2-1), ifT>0+1.

Pig 2—

al~ al~

Thenitisal > 0 for { /o < 2. Thus, approaching the critical point along any isochathiwthe mixed phase region
except forp = p. = 1/b the specific heat diverges fdi/o < 2 as defined by, and remains finite for the isochore
p = pc = 1/b. This demonstrates the exceptional character of the arisochore in this model.

In the special case thgt= 1 one findsag =2—1/0 for T < 1420 andag = —f for T > 1+ 20. Therefore,
usingas instead ofa’, the exponent inequalities (29) and (30) are fulfilled elyd€t{ >1andt <o+1lorif{ =1
andt < 20 + 1. In all other cases (29) and (30) are fulfilled as inequeitMoreover, it can be shown that the SMM
belongs to the universality class of real gase<for 1 andt > o + 1.

The comparison of the above derived formulae for the ctiggponents of the SMM fo{ = 1 with those obtained
within the FDM (Eqgs. 51-56 in [19]) shows that these modelsihg to different universality classes (except for the
singular case = 2).

Furthermore, one has to note that for=1, 0 < 1/2 and 1+ 0 < T < 1+ 20 the critical exponents of the SMM
coincide with those of the exactly solved one-dimensiofdVFwvith non-zero droplet-volumes [35].

For the usual parameterization of the SMM [1] one obtainb Wit 5/4 ando = 2/3 the exponents

1 if T<2 _
@ = {7 o=y, y:E(T 3), 5=1"1 (@
Pr-3, ifr>2 8 4 T

Thus, Fisher suggestion to ugginstead ofa’ allows one td'save” the exponential inequalitiehiowever, it is not a
final solution of the problem.



The critical indices of the nuclear liquid-gas PT were deieed from the multifragmentation of gold nuclei [39]
and found to be close to those ones of real gases. The meteddaiextract the critical exponerfisandy’ in Ref.
[39] was, however, found to have large uncertainties of aBbyer cents [40]. Nevertheless, those results allow us to
estimate the value af from the experimental values of the critical exponents af gases taken with large error bars.
Using the above results we generalized [18] the exponeatioak of Ref. [35]

B ot
V20 and 1 =2 115 (35)

for arbitrary o and {. Then, one obtains with [41B = 0.32—0.39, Y = 1.3— 1.4 andd = 45 the estimate
T = 1.799— 1.846. This demonstrates also that the value d$ rather insensitive to the special choice®f y
and d, which leads toa, = 0.373— 0.461 for the SMM. Theoretical values f@, y andd for Ising-like systems
within the renormalize@®* theory [42] lead to the narrow range= 1.828+ 0.001. The values o8, ¥ andd indices
for nuclear matter and percolation of two- and three-direra clusters are reviewed in [23].

There was a decent try to study the critical indices of the Skilherically [44]. The version V2 of Ref. [44]
corresponds precisely to our model with= 0, { =5/4 ando = 2/3, but their results contradict to our analysis. Their
results for version V3 of Ref. [44] are in contradiction wdhr proof presented in Ref. [16]. There it was shown that
for non-vanishing surface energy (as in version V3) thaaalitpoint does not exist at all. The latter was found in
[44] for the finite system and the critical indices were amaly. Such a strange result, on one hand, indicates that the
numerical methods used in Ref. [44] are not self-consisgerd, on the other hand, it shows an indispensable value of
the analytical calculations, which can be used as a testgrofor numerical algorithms.

Itis widely believed that the effective value Dllefined agers = —dInni(€)/d Ink attains its minimum at the critical
point (see references in [21]). This has been shown for th@areof the FDM with the constraint of sufficiently small
surface tensioa = 0 for T > T [43] and also can be seen easily for the SMM. Taking the SMigrfrant distribution

nk() = g(T)k “exp Lk — 2E k9] ~ k- Teff one finds

T =2—

Teff = T— Kk+ &(S)k" =  T=min(Tex) , (36)
T T
where the last step follows from the fact that the inequesli(e) > 0, v < 0 become equalities at the critical point
v = a(0) = 0. Therefore, the SMM predicts that the minimal valuagfcorresponds to the critical point.

In the EQ001m + Au multifragmentation experiment [20] the ISiS collabdsat measured the dependence of
Teff UpON the excitation energy and found the minimum value(mgjf) = 1.9 (Fig.5 of Ref. [20] ). Also the EOS
collaboration [21] performed an analysis of the minimuntgf on Au+ C multifragmentation data. The fitteg,
plotted in Fig. 11.b of Ref. [21] versus the fragment multiy, exhibits a minimum in the range min) =2 1.8—1.9.
Both results contradict the original FDM [19], but agree wéth the above estimate affor real gases and for Ising-
like systems in general.

V. CONSTRAINED SMM IN FINITE VOLUMES

Despite the great success, the application of the exadicolil6, 17, 18] to the description of experimental data is
limited because this solution corresponds to an infiniteesysand due to that it cannot account for a more complicated
interaction between nuclear fragments. Therefore, it vexessary to extend the exact solution [16, 17, 18] to finite
volumes. It is clear that for the finite volume extension ihecessary to account for the finite size and geometrical
shape of the largest fragments, when they are comparabiethrdtsystem volume. For this one has to abandon the
arbitrary size of largest fragment and consider the comgaSMM (CSMM) in which the largest fragment size is

K(V)
explicitly related to the volum¥ of the system. Thus, the CSMM assumes a more strict constrairk ng = A,
k

where the size of the largest fragméqV) = aV /b cannot exceed the total volume of the system (the parameter
a < 1lis introduced for convenience). The case of the fixed sizheofargest fragment, i.& (V) = Const analyzed
numerically in Ref. [45] is also included in our treatmentsinilar restriction should be also applied to the upper
limit of the product in all partitionZid (V,T), Za(V,T) and 2°(V, T, 1) introduced above (how to deal with the real
values ofK(V), see later). Then the model with this constraint, the CSMAhnot be solved by the Laplace transform
method, because the volume integrals cannot be evaluatetbducomplicated function®l-dependence. However,



the CSMM can be solved analytically with the help of the faliog identity [28]

/wdf / 90 g G(&), (37)

—00

which is based on the Fourier representation of the Ddrdignction. The representation (37) allows us to decouple
the additional volume dependence and reduce it to the expi@ahene, which can be dealt by the usual Laplace
transformation in the following sequence of steps

FAT,H) = /dVe)‘fo(VTu /dv’/df/d”env/ AV

—00

V)= fav / dz / W g avEEr ) (gg)

—00

K(¢) o n
[I_l i' {V’ @(T)ew @) n)bT)k} k
(olk=1 M

After changing the integration variable— V' =V — b Z k Nk, the constraint 0®-function has disappeared. Then
k

all n, were summed independently leading to the exponentialfumdilow the integration ovey’ in Eq. (38) can be
straightforwardly done resulting in

—+oo +oo

einé
ZATH /d‘S [2n X—in — Z@Ex—in)’ (39)
where the function (&, 5\) is defined as follows
K(¢) Tk ok2/
z a(T <u AbT)k (r;_;lr') {21 o ibT +% K- Te (U+W—AbT)k—ok?/3 . (40)

As usual, in order to find the GCP by the inverse Laplace tmnsition, it is necessary to study the structure of
singularities of the isobaric partition (40).

VI. ISOBARIC PARTITION SINGULARITIES AT FINITE VOLUMES

The isobaric partition (40) of the CSMM s, of course, morengdicated than its SMM analog [16, 17] because for
finite volumes the structure of singularities in the CSMM igah richer than in the SMM, and they match in the limit
V — oo only. To see this let us first make the inverse Laplace transfo

X+ioo +00 +oo X+I°0

CTrdd v dA etv-ing B
20T = [ 55 Z0Twe /d‘S 2 A—in — Z(EA-in)
X—io —0o x joo
/dE/dne'”V Oy V1 27| T @

{An}

noindent where the contodrintegral is reduced to the sum over the residues of all $amguointsA = A +in with
n=1,2,.., since this contour in the compléxplane obeys the inequality > maxRe{An}). Now both remaining
integrations in (41) can be done, and the GCP becomes

FN,T, ) Ze"n[ %“} , (42)
{An}

i.e. the double integral in (41) simply reduces to the sultstn & — V in the sum over singularities. This is a
remarkable result which was formulated in Ref. [28] as tHfgng theorem:if the Laplace-Fourier image of the
excluded volume GCP exists, then for any additional V -deépece of# (V, An) or ¢(T) the GCP can be identically
represented by Eq. (42).

The simple poles in (41) are defined by the equation

An = FV,An). (43)



In contrast to the usual SMM [16, 17] the singularitigsare (i) are volume dependent functionsKifV) is not
constant, and (ii) they can have a non-zero imaginary parintthis case there exist pairs of complex conjugate roots
of (43) because the GCP is real.

Introducing the reaR, and imaginarnj, parts ofA, = R, +il,, we can rewrite Eq. (43) as a system of coupled
transcendental equations

K(V)

Ro= 3 @(T)e T coglnbk), (44)
k=1
KMV) . Re(vn)k

In=— z @(T)e T sin(l,bk), (45)
k=1

where we have introduced the set of the effective chemicmi@lsv, = v(An) with v(A) = y +W(T) — AbT,

and the reduced distributiong(T) = ("z"—l)gzlexp(—W(T)/T) and@e.1(T) = (“2"—;)% k=T exp(—a(T) k¥/3/T) for
convenience.

Consider the real rodRy > 0,lp = 0), first. Forl, = 1o = 0 the real rooR, exists for anyT and yu. Comparing
Rp with the expression for vapor pressure of the analytical Sstution [16, 17] shows thal R, is a constrained
grand canonical pressure of the gas. As usual, for finitemekithe total mechanical pressure [6, 28] differs from
TRy. Equation (45) shows that fdf-o # O the inequality co8nbk) < 1 never become the equality for &livalues
simultaneously. Then from Eq. (44) one obtains<(0)

KV) Re(vn)k

Ri<y &(Me T = Ri<Ry, (46)
k=1

where the second inequality (46) immediately follows frdma first one. In other words, the gas singularity is always
the rightmost one. This fact plays a decisive role in therttegtynamic limitvV — co.

The interpretation of the complex rootg. ¢ is less straightforward. According to Eq. (42), the GCP isigespo-
sition of the states of different free energied,V T. (Strictly speaking—A,V T has a meaning of the change of free
energy, but we will use the traditional term for it.) For- O the free energies are complex. Therefer@,-oT is the
density of free energy. The real part of the free energy #ensR,T, defines the significance of the state’s contri-
bution to the partition: due to (46) the largest contribntédways comes from the gaseous state and has the smallest
real part of free energy density. As usual, the states whichat have the smallest value of the (real part of) free
energy, i. e—R,-oT, are thermodynamically metastable. For infinite volumey thleould not contribute unless they
are infinitesimally close te-RyT, but for finite volumes their contribution to the GCP may b@artant.

As one sees from (44) and (45), the states of different freegies have different values of the effective chemical
potentialv,, which is not the case for infinite volume [16, 17], where thekists a single value for the effective
chemical potential. Thus, for fini¥é the states which contribute to the GCP (42) are not in a treeatal equilibrium.

The meaning of the imaginary part of the free energy densitpmes clear from (44) and (45) [46]: as one can see
from (44) the imaginary patt,.¢ effectively changes the number of degrees of freedom of kanlcleon fragment
(k < K(V)) contribution to the free energy densityR.-oT. It is clear, that the change of the effective number of
degrees of freedom can occur virtually only and}f o state is accompanied by some kind of equilibration process.
Both of these statements become clear, if we recall that#tistical operator in statistical mechanics and the quant
mechanical convolution operator are related by the Wicktion [47]. In other words, the inverse temperature can
be considered as an imaginary time. Therefore, dependirtgeosign, the quantity,bT = 1, ? that appears in the
trigonometric functions of the equations (44) and (45) iontrof the imaginary time AT can be regarded as the
inverse decay/formation ting of the metastable state which corresponds to the fgle (for more details see next
sections).

This interpretation off, naturally explains the thermodynamic metastability ofsadites except the gaseous one:
the metastable states can exist in the system only virtbadause of their finite decay/formation time, whereas the
gaseous state is stable because it has an infinite decagtformtime.

VII. NO PHASE TRANSITION CASE

It is instructive to treat the effective chemical potentidh ) as an independent variable insteaduofin contrast to
the infiniteV, where the upper limiv < 0 defines the liquid phase singularity of the isobaric partiand gives
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FIGURE 4. Left panel: A graphical solution of Eq. (45) fof = 10 MeV andr = 1.825. The |.h.s. (straight line) and r.h.s. of
Eqg. (45) (all dashed curves) are shown as the function of minaless parametérb for the three values of the largest fragment
sizeK (V). The intersection point 40; 0) corresponds to a real root of Eq. (43). Each tangent poifit thi¢ straight line generates
two complex roots of (43).

Right panel: Each curve separates tiie- Rgvy) region of one real root of Eq. (43) (below the curve), thremptex roots (at the
curve) and four and more roots (above the curve) for thragegabfK (V) and the same parameters as in the left panel.

the pressure of a liquid phagg(T,u) = TRylv o = (L +W(T))/b [16, 17], for finite volumes and finit& (V) the
effective chemical potential can be complex (with eithgnsior its real part) and its value defines the number and
position of the imaginary rootéA,~o} in the complex plane. Positive and negative values of theceffe chemical
potential for finite systems were considered [33] within Bigher droplet model, but, to our knowledge, its complex
values have never been discussed. From the definition offftbetiee chemical potentiab(A) it is evident that its
complex values for finite systems exist only because of thduded volume interaction, which is not taken into
account in the Fisher droplet model [19]. However, a recaudysof clusters of thel = 2 Ising model within the
framework of FDM (see the corresponding section in Ref.)]2Bpws that the excluded volume correction improves
essentially the description of the thermodynamic fundidrherefore, the next step is to consider the complex values
of the effective chemical potential and free energy for thelleled volume correction of the Ising clusters on finite
lattices.

As it is seen from Fig. 1, the r.h.s. of Eq. (45) is the ampltwhd frequency modulated sine-like function of
dimensionless parametigih. Therefore, depending chandRgv) values, there may exist no complex rodfg~o},

a finite number of them, or an infinite number of them. In Fig.€lshowed a special case which corresponds to exactly
three roots of Eq. (43) for each value KfV): the real root y = 0) and two complex conjugate rootslj). Since

the r.h.s. of (45) is monotonously increasing functiorRefv), when the former is positive, it is possible to map the
T — Rev) plane into regions of a fixed number of roots of Eq. (43). Eaaivein Fig. 2 divides th& — Rgv) plane

into three parts: foRgv)-values below the curve there is only one real root (gasebasg), for points on the curve
there exist three roots, and above the curve there are fouoe roots of Eq. (43).

For constant values df(V) = K the number of terms in the r.h.s. of (45) does not depend owdhane and,
consequently, in thermodynamic linMt— co only the rightmost simple pole in the compl&xplane survives out of a
finite number of simple poles. According to the inequalitg)4he real roof is the rightmost singularity of isobaric
partition (39). However, there is a possibility that thel igrts of other rootd .o become infinitesimally close &y,
when there is an infinite number of terms which contributd®GCP (42).

Let us show now that even for an infinite number of simple poigg2) only the real roodg survives in the limit
V — oo, For this purpose consider the linRigvy) > T. In this limit the distance between the imaginary parts ef th
nearest roots remains finite even for infinite volume. IndéadRev,,) > T the leading contribution to the r.h.s. of
(45) corresponds to the harmonic wkh= K, and, consequently, an exponentially large amplitudeisftdrm can be
only compensated by a vanishing value of($ibK), i.e. InbK = rm+ &, with |d,| < 1T (hereafter we will analyze
only the branch, > 0), and, therefore, the corresponding decay/formatioa i K [rmT]~ is volume independent.



Keeping the leading term on the r.h.s. of (45) and solvingjgone finds

~ vn) : —1)"1m vn)
I~ (=)™ a(T) e P o, with onh~ (Kb)h‘w e ) (47)
~ Revn)K
Ri ~ (-D)"'&(T)e ; (48)

where in the last step we used Eq. (44) and conditlah< 7. Since forV — o all negative values oR, cannot
contribute to the GCP (42), it is sufficient to analyze evelnes.ofn which, according to (48), generdgg > 0.

Since the inequality (46) can not be broken, a single pdigjbirhen .o pole can contribute to the partition (42),
corresponds to the caB — Ry — 0™ for some finiten. Assuming this, we findRg(v(An)) — ReV(Ap)) for the same
value ofu. Substituting these results into equation (44), one gets

K v
Roa S @(T) e T cos[mTk} < Ro. (49)
=]

The inequality (49) follows from the equation f&; and the fact that, even for equal leading terms in the sums

above (withk = K and evem), the difference betweeRy andR, is large due to the next to leading tekm= K — 1,
_ . Re(v(Ag)) (K1) . - .
which is proportional @ > 1. Thus, we arrive at a contradiction with our assumpRgr- R, — 0T, and,

consequently, it cannot be true. Therefore, for large vesithe real roakg always gives the main contribution to the
GCP (42), and this is the only root that survives in the livhit> . Thus, we showed that the model with the fixed
size of the largest fragment has no phase transition bethereis a single singularity of the isobaric partition (39)
which exists in thermodynamic limit.

VIII. FINITE VOLUME ANALOGS OF PHASES

If K(V) monotonically grows with the volume, the situation is diéet. In this case for positive value Bgv) > T
the leading exponent in the r.h.s. of (45) also correspomdslargest fragment, i.e. o= K(V). Therefore, we can
apply the same arguments which were used above for theks@sp= K = constand derive similarly equations
(47)—(48) forl, andR,. Froml, ~ Wn{\‘/) it follows that, whenV increases, the number of simple poles in (41) also
increases and the imaginary part of the closest to theArgadis poles becomes very small, Ig— 0 for n < K(V),
and, consequently, the associated decay/formationgimeK (V)[rmT]~* grows with the volume of the system. Due
to I, — 0, the inequality (49) cannot be established for the poléis i K(V). Therefore, in contrast to the previous
case, for largeK (V) the simple poles witm < K(V) will be infinitesimally close to the real axis of the complex
A-plane.
From Eq. (48) it follows that
p (T, 1) 1

Ro~ =5 ~kwip"

(50)

Rn ‘ _ (M
& (T) T
for |u| > T andK (V) — . Thus, we proved that for infinite volume the infinite numbksimple poles moves toward
the real) -axis to the vicinity of liquid phase singularify = p; (T, ) /T of the isobaric partition [16, 17] and generates
an essential singularity of functiof (V, p; /T) in (40)irrespective to the sign of the chemical potentialn addition,
as we showed above, the states viRi#fv) > T become stable because they acquire infinitely large desrayétion
time 1, in the limitV — 0. Therefore, these states should be identified as a liquigeptaa finite volumes as well.

Now it is clear that each curve in Fig. 2 is the finite volumelagaf the phase boundaily— u for a given value
of K(V): below the phase boundary there exists a gaseous phaseamat above each curve there are states which
can be identified with a finite volume analog of the mixed phasd, finally, aRgv) > T there exists a liquid phase.
When there is no phase transition, iKgV) = K = const the structure of simple poles is similar, but, first, thelin
which separates the gaseous states from the metastabkedbats not change with the volume, and, second, as shown
above, the metastable states will never become stableeffinera systematic study of the volume dependence of free
energy (or pressure for very lary9 along with the formation and decay times may be of a crucmddrtance for
experimental studies of the nuclear liquid gas phase tiansi

The above results demonstrate that, in contrast to Hillizeetations [6], the finite volume analog of the mixed
phase does not consist just of two pure phases. The mixeé fdrafinite volumes consists of a stable gaseous phase
and the set of metastable states which differ by the freeggnbtoreover, the difference between the free energies



of these states is not surface-like, as Hill assumed in begtiinent [6], but volume-like. Furthermore, according to
Egs. (44) and (45), each of these states consists of the sagradnts, but with different weights. As seen above for
the caseRgv) > T, some fragments that belong to the states, in which the dafgggment is dominant, may, in
principle, have negative weights (effective number of degrof freedom) in the expression ff.o (44). This can

be understood easily because higher concentrations & feagments can be achieved at the expense of the smaller
fragments and is reflected in the corresponding change aktilgoart of the free energyR.-oV T. Therefore, the
actual structure of the mixed phase at finite volumes is monepticated than was expected in earlier works.

The Hills’ ideas were developed further in Ref. [5], where #uthors claimed to establish the one to one correspon-
dence between the bimodal structure of the partition of nmadde quantityd known on average and the properties of
the Lee-Yang zeros of this partition in the comptgeplane. The starting point of Ref. [5] is to postulate thetitian
Zg4 and the probability(B) of the following form

Zy = /dBW(B) eB9 = PRB) = V%fag, (51)

whereW(B) is the partition sum of the ensemble of fixed values of the oladde {B} , andg is the corresponding
Lagrange multiplier. Then the authors of Ref. [5] assumeetkistence of two maxima of the probabiliB(B) (=
bimodality) and discuss their relation to the Lee-Yang sy in the complesg-plane.

The CSMM gives us a unique opportunity to verify the Chomad &ulminelli idea on the bimodality behavior
of Py(B) using the first principle results. Let us use the equatior) {@&ntifying the intensive variablg with A
and extensive on8 with the available volume&/’ — V. The evaluation of the r.h.s. of (38) is very difficult in
general, but for a special case, when the eigen volomsesmall this can be done analytically. Thus, approximating
F(EA—in)=F(E,A)—ind.F(&,A)/0A, we obtain the CSMM analog of the probability (51)

oo 4o +oo
P, (\7) 5,:/2(,\71“) = / dé / 3_7_[ dnV—8&)-AV4V.Z(EA-in) o / dé IF(EA)-Ay \7_5_%}’ (52)

where we made thg integration after applying the approximation fgf(&,A —in). Further evaluation of (52)
requires to know all possible solutions of the average velwhthe systemé(V) =V — 3.%(5,1)/0A (a =
{1,2,...}). It can be shown [46] that for the gaseous domais Rgv) < —2T (see the right panel of Fig. 4) there
exist a single solutiow = 1, whereas for the domain= Rgv) > 0, which corresponds to a finite volume analog of
the mixed phase, there are two solutians- 1,2. In contrast to the expectations of Ref. [5], the probab{h2)

7 ~ 1 VI (EA)-A] 2InPy (V)
a ‘ BRI Y32 ‘

has negative derivative for the whole domain of existend¢h®isobaric partition?()\ , T, 1) [46]. This is true even for
the domain in which, as we proved, there exists a finite analdige mixed phase, i.e. for = Rgv) > 0. Moreover,

irrespective to the sign of the derivati\fé'%’\&/@, the probability (52) cannot be measured experimentalbov it

was rigorously proven that for any re@lthe Isz‘z()\ , T, 1) is defined on the real-axis only for#(&,A) — A > 0,
i.e. on the right hand side of the gaseous singulaityA > Ag. However, as one can see from the equation (41), the
“experimental’A, values belong to the other region of the compleplane:RgAn-0) < Ao.

Thus, it turns out that the suggestion of Ref. [5] to analyeegrobability (51) does not make any sense because, as
we showed explicitly for the CSMM, it cannot be measurededras that the starting point of the Ref. [5] approach, i.e.
the assumption that the left equation (51) gives the mostigdéform of the partition of finite system, is problematic.
Indeed, comparing (50) with the analytical result (53), ee that for finite systems, in contrast to the major assumptio
of Ref. [5], the probabilityV of the CSMM depends not only on the extensive variahléut also on the intensive
variableA, which makes unmeasurable the whole construct of Ref. @s€quently, the conclusions of Ref. [5] on the
relation between the bimodality and the phase transitidstexce are not general and have a limited range of validity.
In addition, the absence of two maxima of the probability) (&3tomatically means the absence of back-banding of
the equation of state [5].



IX. GAS OF BAGS IN FINITE VOLUMES

Now we will apply the formalism of the preceding sectionstte analysis of the Gas of Bags Model (GBM) [31, 48]
in finite volumes. In the high and low temperature domains@®sM reduces to two well known and successful
models: the hadron gas model [49] and the bag model of QGP Ba®h of these models are surprisingly successful
in describing the bulk properties of hadron production ghhénergy nuclear collisions, and, therefore, one may hope
that their generalization, the GBM, may reflect basic fezgwf the nature in the phase transition region.

The van der Waals gas consistingrofiadronic species, which are called bags in what follows thagollowing
GCP [31]

[ D[V —viNg — ... —VaNp) @(T)]Nk

9(V—V1N1— _VnNn) 5 (54)
k=1 N!

zZvT) =5
{N}

whereq (T) =ge o(T,m) = 2 [ p?dpexp[— (p? + mp)Y2/T] = gk% Kz () is the particle density of bags
of massmy and eigen volumey and degeneraayk. This expression differs slightly form the GCP of the sirfipti
SMM (3), whereu = 0 and the eigen volume &fnucleon fragmernitb is changed to the eigen volume of the hag

Therefore, as for the simplified SMM the Laplace transfororaf4) with respect to volume of Eq. (54) gives

n -1
2(sT) = ls — Y exp(—vs) gjco(T,mj)] : (55)
=1

In preceding sections we showed that as long as the numbeagsf is finite, the only possible singularities of
Z(s,T) (55) are simple poles. However, in the case of an infinite remalb bags an essential singularity s, T)

may appear. This property is used the GBM: the sum over diffidnag states in (54) can be replaced by the integral,
Y10j. = Jo dmdv..o(m,v), if the bag mass-volume spectrup(m,v), which defines the number of bag states in
the mass-volume regidm,v; m+dmv+d\], is given. Then, the Laplace transform&{V, T) reads [31]

ZGB(S,T)E/dV eV Z(V.T)=[s — f(T.s)]t, where f(T,s):/dmdvp(m,v) eV (T, m.  (56)
0 0

Like in the simplified SMM, the pressure of infinite system gaim given by the rightmost singularityy(T) =
Ts(T) = T-maxsy(T),sq(T)}. Similarly to the simplified SMM considered in Sect. Il and, the rightmost
singularity s*(T) of Z(s,T) (56) can be either the simple pole singularsty(T) = f(T,sq4(T)) of the isobaric
partition (56) or theso(T) singularity of the functiorf (T,s) (56) it-self.

The major mathematical difference between the simplifiedvBahd the GBM is that the latter employs the two
parameters mass-volume spectrum. Thus, the mass-volwoesp of the GBM consists of the discrete mass-volume
spectrum of light hadrons and the continuum contributiohedvy resonances [51]

Jm
p(myv) = Z gj 8(m—mj) 3(v—Vv;) +O(V—Vp)O(m— Mo — Bv)C VW(m— Bv)° exp[%1 aé Vi (m— Bv)% , (57)
=1

respectively. Heren; < Mg, vj < Vg, Mg~ 2 GeV,\p ~ 1 fm3, C,y, & andB (the so-called bag constar,~ 400
MeV/fm3) are the model parameters and

e 7 e 7 ™ 95
O'Q—%(gg‘f'égq(J) —%<2-8+ 5-2-2-3-3) =307 (58)
is the Stefan-Boltzmann constant counting gluons (spileyrand (anti-)quarks (spin, color amngd, s-flavor) degrees
of freedom.

Recently the grand canonical ensemble has been heavilyizzd [52, 53], when it is used for the exponential
mass spectrum. This critique, however, cannot be applidtetmass-volume spectrum (57) because it grows less fast
than the Hagedorn mass spectrum discussed in [52, 53] aad$=mn the GBM there is an additional suppression of
large and heavy bags due to the van der Waals repulsion. foherthe spectrum (57) can be safely used in the grand
canonical ensemble.

It can be shown [48] that the spectrum (57) generatesg(iE) = %T3 — $ singularity, which reproduces the bag
model pressur@(T) = Tso(T) [50] for high temperature phase, agg(T) singularity, which gives the pressure of
the hadron gas model [49] for low temperature phase. Thsitran between them can be of the first order or second
order or cross-over, depending on the model parameters.



However, for finite systems the volume of bags and their ngasbkeuld be finite. The simplest finite volume

modification of the GBM is to introduce the volume dependér# sf the largest bag = n(V) in the partition (54).
As we discussed earlier such a modification cannot be haihgl#ue traditional Laplace transform technique used in
[51, 48], but this modification can be easily accounted fottgyLaplace-Fourier method [28]. Repeating all the steps
of the sections V and VI, we shall obtain the equations (4@3)s(in which the functionZ (&,A) should be replaced
by its GBM analogf (A,Vg) = fH(A) + fo(A,Ve) defined via

In VB/Vo

fu(A) = Z gio(T,m;) e™Vis, and fo(A, V)= / Vodk a(T,Vok) e¥olS(T)-A)k, (59)
1= 1

In evaluating (59) we used the mass-volume spectrum (51 thiZ maximal volume of the bags and changed
integration to a dimensionless varialde= v/V,. Here the functiora(T,v) = u(T)v?*V*9 is defined byu(T) =
CTng+1/2 -|-4+45(0Q-|-4+ B)3/4.

The above representation (59) generates equations foedhamd imaginary parts @f, = R, + il 5, which are very
similar to the corresponding expressions of the CSMM (44) @%). Comparing (59) with (43), one sees that their
main difference is that the sum oein (43) is replaced by the integral oviein (59). Therefore, the equations (44)
and (45) remain valid foR, andl, of the GBM, respectively, if we replace thkesum by the integral foK (V) = Vs /Vo,
b=Vo, V(A) =Vo(sq(T) —A) and@1(T) = Vo a(T, Vok). Thus, the results and conclusions of our analysis oRthe
andl, properties of the CSMM should be valid for the GBM as well. &mticular, for large values ¢€ (V) =V /Vp and
Rn < so(T) one can immediately find ol ~ rm/Vg and the GBM formation/decay timg = V[T L. These
equations show that the metastable states can become stable in thermodynamic limit, if and dnlg ~ V.

The finite volume modification of the GBM equation of statewddde used for the quantities which havég ~ 1.
This may be important for the early stage of the relativisticlear collisons when the volume of the system is small,
or for the systems that have small pressures. The lattere#melcase for the pressure of strange or charm hadrons.

X. HILLS AND DALES MODEL AND THE SOURCE OF SURFACE ENTROPY

During last forty years the Fisher droplet model (FDM) [18kHeen successfully used to analyze the condensation
of a gaseous phase (droplets or clusters of all sizes) intpual! The systems analyzed with the FDM are many and
varied, but up to now the source of the surface entropy is bsolately clear. In his original work Fisher postulated
that the surface free-ener§y of a cluster ofA-constituents consists of surfad(3) and logarithmic (IR) parts, i.e.
Fa=0(T) A2 1TInA. Its surface part(T) A%3 = g,[1 — T/T] A>3 consists of the surface energy, id.A%/3,

and surface entropy g,/ T A%/3. From the study of the combinatorics of lattice gas clustetso dimensions, Fisher
postulated the specific temperature dependence of theceuefasioro (T ) |rpm Which gives naturally an estimate for
the critical temperatur&. Surprisingly Fisher's estimate works for the 3-d Ising rald&4], nucleation of real fluids

[55, 56], percolation clusters [57] and nuclear multifragrtation [3].

To understand why the surface entropy has such a form we fatetua statistical model of surface deformations
of the cluster ofA-constituents, the Hills and Dales Model (HDM) [29]. For giimity we consider cylindrical
deformations of positive height, > O (hills) and negative heighthy (dales), withk-constituents at the base. It
is assumed that cylindrical deformations of positive heigh> 0 (hills) and negative heighthy (dales), withk-
constituents at the base, and the top (bottom) of the hilejdeas the same shape as the surface of the original cluster
of A-constituents. We also assume that: (i) the statisticag/tedf deformations ex@-go|AS(|/s1/T) is given by the
Boltzmann factor due to the change of the surf@<| in units of the surface per constituesf (ii) all hills of heights
hx < Hk (Hk is the maximal height of a hill with a base kfconstituents) have the same probabitity,/Hy besides
the statistical one; (iii) assumptions (i) and (ii) are ddbr the dales.

The HDM grand canonical surface partition (GCSP)

0 Kmax [#1 nkJr — M
2s0- 3 |] [Z9] ™ [a9]
{nc=0}

S} 60
Mo o | o) (60)

corresponds to the conserved (on average) volume of theechescause the probabilities of m;j and daleg_ of the
samek-constituent base are identical [29]
+Hg

g _ ooR|hy| _ ooRH
z E/ dh e Ta — TS [1—e T%k} . (61)
0

+Hy ~ OoPHK



HerePR is the perimeter of the cylinder base.

The geometrical partition (degeneracy factor) of the HDMh® number of ways to place the center of a given
deformation on the surface of tieconstituent cluster which is occupied by the se{mﬁ =0,1,2,...} deformations
of thel-constituent base we assume to be given in the van der Waalexamation [29]:

Kmax
¥ =%~ 3 ki +no)s st (62)

wheresk is the area occupied by the deformationke¢onstituent basek(= 1,2,...), Sa is the full surface of the
cluster, anmax(Sa) is theA-dependent size of the maximal allowed base on the cluster.

The ©(s1%)-function in (1) ensures that only configurations with pesitvalue of the free surface of cluster are
taken into account, but makes the analytical evaluatiohefGCSP (1) very difficult. However, we were alite
solve this GCSP exactfpr any surface dependencekhax(Sa) using identity (37) of the Laplace-Fourier transform
technique [28]:

Py -1
2(S) = 3 M [1— %} . (63)
{An}
The polesh, of the isochoric partition are defined by
An = Z(SaAn) = Kmai(sA) [i + i} e kain (64)
= LS S

Our analysis shows that Eq. (5) has exactly one realRget Ag, Im(Ag) = 0, which is the rightmost singularity, i.e.
Ro > Re(Ans0). As proved in [29], the real rod¥, dominates completely for clusters wigh> 10.
Also we showed that there is an absolute supremum for theroelR,y, which corresponds to the limit of

infinitesimally small amplitudes of deformationt$ — 0, of large clusters: syRy) = 1.06009= Ry = 2 [eRO - 1] -t
It is remarkable that the last result is, first, model indefgem because in the limit of vanishing amplitude of
deformations all model specific parameters vanish; andygkdt is valid for any self-non-intersecting surfaces.

For large spherical clusters the GCSP beconf{&g) ~ O.3814e1~0600%2/3, which, combined with the Boltzmann

2/3
factor of the surface ene@/_GOA / /T, generates the following temperature dependent surfaseteof the large
clustera(T) = oo [1— 1.060092_—0} . This result means that the actual critical temperature efRBM should be
Te = 00/1.06009, i.e. 6.009 % smaller im, units than Fisher originally supposed.

Xl. STRATEGY OF SUCCESS

Here we discussed exact analytical solutions of a variestatfstical model which are obtained by a new powerful
mathematical method, the Laplace-Fourier transform. ¢#ils method we solved the constrained SMM and Gas of
Bags Model for finite volumes, and found the surface partitdd large clusters. Since in the thermodynamic limit
the CSMM has the nuclear liquid-gas PT and the GBM describe$*T between the hadron gas and QGP, it was
interesting and important to study them for finite volumes.we showed, for finite volumes their GCP functions can
be identically rewritten in terms of the simple pol&s.o of the isobaric partition (39). We proved that the real pole
Ao exists always and the quantity\g is the constrained grand canonical pressure of the gaséase pThe complex
rootsAn-o appear as pairs of complex conjugate solutions of equadi8n Their most straightforward interpretation

is as follows:— T R€A,) has a meaning of the free energy density, whebdds(A,), depending on its sign, gives the
inverse decay/formation time of such a state. Therefoeegfseous state is always stable because its decay/fonmatio
time is infinite and because it has the smallest value of fneegy, whereas the complex poles describe the metastable
states folRgAn~0) > 0 and mechanically unstable statesR&Ap~o) < O.

We studied the volume dependence of the simple poles andlfawramatic difference in their behavior for the
case with phase transition and without it. For the case whthsp transition this formalism allows one to define the
finite volume analogs of phases unambiguously and to estettie finite volume analog of the— u phase diagram
(see Fig. 4). At finite volumes the gaseous phase is desdnjpadsimple pole\g, the mixed phase corresponds to a
finite number of simple poles (three and more), whereas diuédiis represented by an infinite amount of simple poles
at|u| — o which describe the states of a highest possible particlsigen

As we showed for the CSMM and GBM, at finite volumes thestates of the same partition with givénand u
are not in a true chemical equilibrium because the intavadtietween the constituents generates complex values of



the effective chemical potential. This feature cannot bimioled within the Fisher droplet model due to lack of the
hard core repulsion between the constituents. We showegdrhzontrast to Hill's expectations [6], the mixed phase
at finite volumes is not just a composition of two states wtdoh the pure phases. As we showed, a finite volume
analog of the mixed phase is a superposition of three and cnllertive states, and each of them is characterized by
its own value ofA,, and, consequently, the difference between the free eeodithese states is not a surface-like, as
Hill argued [6], but volume-like.

Also the exact analytical formulas gave us a unique oppdsttmverify the Chomaz and Gulminelli ideas [5] about
the connection between bimodality and the phase transi@tence for finite volumes. The CSMM exact analytical
solution not only provided us with a counterexample for wahicere is no bimodality in case of finite volume phase
transition, but it gave us an explicit example to illustrdtat the probability which, according to Ref. [5] is suppibse
to signal the bimodal behavior of the system, cannot be nmedsxperimentally.

All this clearly demonstrates that the exactly solvable slsd@re very useful theoretical tools and they open the
new possibilities to study the critical phenomena at findkimnes rigorously. Thehort range perspectives (SRPf
this direction of research are evident:

1. Study the isobaric ensemble and the excluded volume correctiothéclusters of the 2- and 3-dimensional
Ising models, and find out the reliable signals of phase itianson finite lattices.

2. Widen or refine the CSMM and GMB analytical solutions for more realisticeirgtction between the constitients.
In particular, a more realistic Coulomb interaction betwaeaclear fragments (not the Wigner-Seitz one!) can be
readily included now into the CSMM and may be studied rigstpwithout taking thermodynamic limit.

3. Deepen or extendhe CSMM and GMB models to the canonical and microcanonarahfilations, and work out
the reliable signals of the finite system phase transitionghis class of models.

The major goals for the SRP arg {o get the reliable experimental signals obtained not tigad hoctheoretical
constructs which are very popular nowadays, but directlynfthe first principles of statistical mechanids) ¢o work
out a common and useful theoretical language for a few nuplggsics communities.

However, even the present (very limited!) amount of exastlts can be used as a good starting point to build
up a truly microscopic theory of phase transitions in finigetems. In fact, the exact analytical solution, which we
found for finite volumes, is one of the key elements that aressary to create a microscopic kinetics of PTs in
finite systems. The formulation of such a theory for nucldarsics is demanded by the reality of the experimental
measurements: both of the phase transitions which aresstirdinuclear laboratories, the liquid-gas and hadron gas -
QGP, are accessible only via the violent nuclear collisiéssa result, in these collisions we are dealing with the PTs
which occur not only in finite system, but in addition thesesB&ppen dynamically. It is known that during the course
of collision the system experiences a complicated evatitiom a highly excited (on the ordinary level) state which is
far from local equilibrium, to the collective expansion bétlocally thermalized state and to a (nearly) free-stragmi
stage of corresponding constituents.

A tremendous complexity of the nuclear collision proceskesat extremely difficult for theoretical modeling.
This is, in part, one of the reasons why, despite a great ahud@xperimental data collected during last 25 years and
numerous theoretical attempts, neither the liquid-gaghmhadron gas - QGP phase transitions are well established
experimentally and well understood theoretically. It giout that the major problem of modeling both of these PTs in
dynamic situations is the absence of the suitable theafetpparatus.

For example, it is widely believed in the Relativistic Hedeyp community (RHIc) that relativistic hydrodynamics
is the best theoretical tool to model the PT between QGP adtbhayas because it employs only the equilibrium
equation of state [58]. Up to now this is just a wishful illosibecause besides the incorrect boundary conditions,
known asfreeze-out proceduref59, 60], which are typically used in the actual hydro cadtians [58], the employed
equation of state does not fit into the finite (and sometimeallgnsize of the system because it corresponds to an
infinite system. On the other hand it is known [61] that hygmamic description is limited by the weak (small)
gradients of the hydro variables, which define a charatiegsale not only for collective hydro properties, but adso
typical volume for the equation of state.

Above we showed that for finite systems the equation of steeitably includes the volume dependence of such
thermodynamic variables as pressure and energy densighveine directly involved into hydrodynamic equations.
This simple fact is not realized yet in the RHic, but, prolyathe chemical non-equilibrium (which is usually
implemented into equation of state by hand) is, in part, geed by the finite volume corrections of the GCP. if
this is the case, then, according to our analysis of the fuoiteme GCP functions, it is necessary to insert the complex
values of the chemical potential into hydro calculations.



Unfortunately, at present there is no safe recipe on how ¢tude the finite volume equation of state in the
hydrodynamic description. A partial success of the hybyidrb+cascade models [62, 63], which might be considered
as a good alternative to hydrodynamics, is compensatedebiath that none of the existing hydro+cascade models
was able to resolve the so calleBBT puzzle$13] found in the energy range of the Relativistic Heavy laoilider.
Moreover, despite the rigorous derivation [64, 65] of thelfofcascade equations, the hydrodynamic part of this
approach is suffering the very same problems of the infinitédten equation of state which we discussed above.
Therefore, further refinements of the hydro+cascade madidlisot be able to lift up the theoretical apparatus of
modeling the dynamics of the finite volume PTs to new heiglrig,we have to search for a more elaborate approach.

It turns out that the recently derived finite domain kinetimations [64, 65] can provide us with another starting
point to develop the first principle microscopic theory oé ttritical phenomena in finite systems. These equations
generalize the relativistic Boltzmann equation to finitemdins and, on one hand, allow one to conjugate two
(different!) kinetics which exist in two domains separabgdahe evolving boundary, and, on the other hand, to account
exactly for the exchange of particles between these dom@osinstance, one can easily imagine the situation when
on one side of the boundary separating the domains there ristyome phase of the system which interacts with
the other phase located on the other side of the boundary;. ¥iBat, the finite domain kinetic equations should be
generalized to the two-particle distribution functionglahen they should be adapted to the framework of nuclear
multifragmentation and the Gas of Bags Model. In doing tltig exact analytical results we discussed will be
indispensable because they provide us with the equilibstate of the finite system and tell us to what finite volume
analog of phases this state belongs.

Therefore, a future success in building up a microscopietids of PTs in finite systems can be achieved, if we
combine the exact results obtained for equilibrated finittesns with the rigorous kinetic equations suited for finite
systems. There is a good chance for the nuclear multifragatien community to play a very special role in the
development of such a theory, namely it mest as a perfect and reliable test stie work out and verify the whole
concept. This is so because besides some theoretical advand experience in studying the PTs in finite systems,
the experiments at intermediate energies, compared taetreles for QGP, are easier and cheaper to perform, and
the PT signals are cleaner and unspoiled by a strong flow. &ereonce the concept is developed and verified, it can
be modified and applied to study other PTs in finite systentfyéling the transitions to/from high temperature QCD
and dense hadronic matter planned to be studied at CERN LIHG&1 FAIR. Thus, after some readjustment the
manpower and experimental facilities of nuclear multifregtation community can be used fonew strategic aim,
which is at the frontier line of modern physics.

Such a program, however, requires the coherent efforts ¢daat, two strong and competing theoretical groups,
an access to the collected experimental data and advanoguliter facility. Organizationally it will require a very
close collaboration with experimental groups. Also it sugut that such resources can be provided by the national
laboratories only. Therefore, we have to find out an appad@ifiorm of national and international cooperation right
now. Because in a couple of years it will be too late.
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