Physics 606 — Final Exam
Wednesday, May 13, 2009

There are four questions on this exam. Each question is worth a total of 25 points. Please use only one
side of each sheet of paper, start each problem on a new page, and encircle your final answer(s).

1.

a)

b)
c)

a)
c)

A particle with mass m is moving in one dimension under the influence of a potential of the form V(x)
=3 ka*, where k > 0.

Find the best approximation of the ground-state energy that you can, based on a trial function of the
form exp(—a’x/2).

Describe how you could obtain a better approximation, without doing the actual calculation.

Describe in detail how you would obtain an approximation for the energy of the first-excited state, but
don’t do the calculation.

A anti-commutator of two operators F and G is given by {F,G} = FG + GF. Assume pair of
dimensionless adjoint operators @ and a obey the anti-commutation relation {a,a’'} = 1. Let C= da,
and let Clc) = clc) define the eigenvalues and eigenvectors of C.
Determine alc) and a'|c).

What constraints can you place on the values of ¢?

By far the most important application of this form involves the additional conditions that @ =0and
that the eigenvalues of C are non-degenerate, in addition to everything given above. For this special
case, find explicit forms for the matrices a, &', and C.

. If the ground state of a particle of mass m is just barely bound in a spherical square well, show that the

well depth V, and radius a are related to the binding energy E by the expression:
2mVa® #° 4 2 3
—— =" +2xu+|1-— |[(x)” + O\(xix)
R 4 w () 0y’

where

hx=+-2mE

The deuteron provides an interesting application of this result. The p-n potential may be
approximated by a square well with radivs a = 1.4 fim, the Compton wavelength of the pion. The
binding energy is 2.226 MeV. From these numbers, you can estimate the depth of the well. (But
don’t do so now, since I didn’t tell you to bring calculators to this exam!)

In quantum mechanics, just as in classical mechanics, it's important to be able to rotate a system into
an arbitrary orientation. You can do this by subjecting the quantum system to a sequence of (active)
rotations about the z- and y-axes. Let's explore this process for the special case of a j = ¥ particle.
Throughout this problem, assume wavefunctions (and/or kets) are column vectors expressed in terms
of the normal basis where J* and J, are diagonalized simultaneously.

Find the matrix U(¢) that produces an active rotation through an angle ¢ about the z-axis for an
arbitrary j = ¥2 vector.

Find the matrix Uy(p) that produces an active rotation through an angle ¢ about the y-axis for an
arbitrary j = ¥z vector.

Let v be an eigenvector of J, with the maximum possible eigenvalue. Calculate U,y for the special
case ¢ = /2, and show that the answer that you get makes physical sense.

Now calculate Uyy for the special case ¢ = n/2, and once again, show that the answer that you get
makes physical sense.
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