PHYS 606 — Spring 2015 — Homework VIII — Solution

Problem [1]

See next Page



Preparations

= Define useful quantities in terms of energy e and potential energy v

ne7- e =x/k-k/x;
ep =kp/k+k /kp;
kK =8qgrt[2+*m«* (v-e)] /hb;
k =Sgrt[2+m=+*e] /hb;
kp =S8qgrt[2*m=* (e-Vv)] /hb; (% for barrier, v -» -v for well %)
B2 =aN2/hbA2x2+mxV;
(* for well only =)

= Replacement list with numerical values uses here: hbar (eV s), electron mass (eV s*2/m*2),
potential energy level (eV), potential barrier/well width (m)

2= rep = {hb »4.13 * 10A (-15), m > N[511%10A3 / (3 %*10A8)A2], v->5, a->0.3%x10A(-8)}
out[32]= {hbe4.l3><10’15, m - 5.67778><10’12, v->5,a-3. ><10’9}

Discuss Bound States in the Well

= This is g8 squared with the given numbers
n7= B2num = B2 /. rep
ouf7l= 29.9586

= This is the number of bound states in the well: look how often g fits into multiples of 7/2
ingl= Nbound = Quotient[Sqrt[B2 /. rep], n/ 2] +1

outgl= 4

= For a graphical solution one would proceed like this. Four bound states (intersection points) are
confirmed.
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no:- £ = Piecewise[
{{x*Tan[Sqgrt[x]]1 "2, Tan[Sart[x]] > 0}, {x *Cot[Sqrt[x]]A2, Tan[Sqrt[x]] <0}}];
Plot[{£f, B2num- x}, {x, 0, (4*xm/2)A2}, PlotRange -» {0, 30},
Frame -» True, FrameLabel » {"x", "kp*a"}]
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= Numerical Solutions
In[11]= s0ll =
NSolve[x * Tan[Sgrt[x]] "2 == B2num- x && 0 < x < B2num && Tan[Sqgrt[x]] > 0, x, Reals]
Solve::ratnz :
Solve was unable to solve the system with inexact coefficients. The answer was obtained by solving a
corresponding exact system and numericizing the result. >
oufil= {{x - 15.3296}}
Infi2)= 8012 =

NSolve[x * Cot[Sqrt[x]]1A2 == B2num- x && 0 < x < B2num && Tan[Sqrt[x]] < 0, x, Reals]

Solve::ratnz :
Solve was unable to solve the system with inexact coefficients. The answer was obtained by solving a
corresponding exact system and numericizing the result. >

oufizl= {{x > 6.96209}, {x > 25.9008}}

= MATHEMATICA has missed the first solution of the Tan branch! Try another method (local root
finding)

3= s0l3 = FindRoot[x * Tan[Sqgrt[x]] A2 == B2num- x, {Xx, 7/ 2}]
oufisl= {x > 1.7585}
= Check all 4 solutions for y: Results are good enough

4= sol = Join[soll, sol2, {sol3}];
(£ -B2num+x) /. sol

Out[15]= {1.42109x10-14, 1.42109x 1071, 2.66454x 10712, 1.42109x10-14}

= 4 bound state energies (in eV):
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In[84]:=

out[85]=
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elist = Sort[(-hbA2/ (2*m=*aAr2) » (f2num- x) /. sol) /. rep]
{-4.70651, -3.83805, -2.44154, -0.677233}

= Corresponding wave vectors needed for the wave functions (need v -> v for well!)

kplist = ((kp /. (V> -Vv)) /. e—>elist) /. rep
{4.42028x108, 8.79526 x 108, 1.3051x10°, 1.69643x109}

= Wave functions are alternatingly even and odd (Cos and Sin); normalization is arbitrary and offset
depicts the energy of the state

wflist = {Cos[kplist[[1]] *x/10A9] 0.4 +elist[[1]],
Sin[kplist[[2]] *x/10A9] *x0.4 +elist[[2]], Cos[kplist[[3]] *x/10A9] %0.4 +
elist[[3]], Sin[kplist[[4]] *x/107A9] »0.4 +elist[[4]1]};
Plot[wflist, {x, -10A9xa /. rep, 10A9 xa /. rep}, Frame -» True,
FrameLabel -» {"x (nm)", "Yy+E"}]
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= Transmission coefficient for scattering solution (barrier) with subthreshold energy

Transmission Coefficients and Phase Shifts

In[33]:=

In[35]:=

= Transmission coefficient and phase shift for scattering solution (barrier) for subthreshold energy

tl =1/ (Cosh[2*x*a]A2+eN2 /4 *xSinh[2*x*xa]A2);
sl=2xk*a-ArcTan[Cosh[2*xk*a], -€e /2% Sinh[2*kx*a]];
= Transmission coefficient and phase shift for scattering solution (barrier and well) for above threshold
energy
t2=1/ (Cos[2xkp*xa]Nr2+eph2/4xSin[2+xkp*xa]Ar2);
s2=2xk*xa-ArcTan[Cos[2*kpxa], ep/2*xSin[2xkp*xa]]:;

= T for the potential well for E>0. Remember that there are also 4 bound states for E<0. There are two
not very well defined resonances for the scattering, then the transmission coefficient is almost flat.
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Plot[(t2 /. {v—> -Vv}) /. rep, {e, 0, 20},
PlotRange » {0, 1}, Frame -» True, FrameLabel » {"E (eV)", "T"}]
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= Phase shift for the potential well for E>0. s20 is the phase shift at zero energy. Because of the
periodicity of the phase shift there are several ways of plotting this quantity. Here the Mod function
folds the function back into the interval (s20,s20+27)

ne3]= 820 = Re[Limit[(s2 /. {v> -Vv}) /. rep, e>0]]:

ingi]= Plot[Mod[((s2 /. {v—> -Vv}) /. rep) - s20, 2 * 7] +s20,
{e, 0, 20}, Frame -» True, FrameLabel » {"E (eV)", "¢"}]
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= T for the potential barrier. There are two
reasonably well defined resonances (sharp peaks) above the barrier threshold and maybe two more
that are identifyable but not very well defined anymore. Below the threshold of 5 eV the transmission
dies off very quickly.
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n79= Plot[tl /. rep, {e, 0, 20}, Frame -» True, FrameLabel -» {"E (eV)", "T"}]
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= Phase shift for the potential barrier. s10 is the phase shift at zero energy. Because of the periodicity
of the phase shift there are several ways of plotting this quantity. Here the Mod function folds the
function back into the interval (s10,s10+2x)

n74:= 810 = Re[Limit[sl /. rep, e > 0]]:;

ingol= Plot[Mod[ (sl /. rep) - sl10, 2 %] +s10,
{e, 0, 20}, Frame -» True, FrameLabel -» {"E (eV)", "¢"}]
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